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Abstract. Here we characterise in a complete and explicit way the relations of algebraic

dependence over Q of complex values of Hecke-Mahler series at algebraic points of the

multiplicative group G2
m, providing a generalisation of the main Theorem in our work

[Pel1]. Our main result, announced in [Pel2], contains previous Theorems by Loxton and

van der Poorten, Mahler, and Masser.

Contents

1 Introduction, results. 1

2 Preliminaries to the proof of our Theorem. 6

3 Proof of our Theorem. 23

4 Proof of the Corollaries. 30

5 Appendix: a portrait of the relations. 36

1 Introduction, results.

Let w be a real positive irrational number. The Hecke-Mahler series asso-
ciated to w is the power series:

fw(u, v) =
∞∑
l=1

[lw]∑
h=1

ulvh,

where the square brackets denote the greatest integer part and sums with
an empty set of terms are zero by convention. This transcendental series
converges on the domain Dw whose elements are the couples of complex
numbers (u, v) such that |u| < 1 and |u||v|w < 1. In [Mas2], Masser asked
several questions which may all be included in the following Problem.
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Problem. Given an m-tuple M = ((u1, v1), . . . , (um, vm)) = (u1, . . . , um)
of couples of non-zero complex numbers and positive irrationals w1, . . . , wm

with ui ∈ Dwi for all i, compute the transcendence degree over Q of the
subfield of C:

Q(u1, . . . , um, fw1(u1), . . . , fwm(um)).

The main result of this text (Theorem 1) solves the particular case of this
Problem with w1 = · · · = wm = w a quadratic irrational, and the couples of
complex numbers ui algebraic over Q.

We introduce our main result. It will be helpful to do it first assuming
the following natural condition on w (see also condition (1.2) of [Pel1]). We
suppose that w = θ satisfies:

0 < θ < 1 and θ′ < −1, (1)

where the dash ′ denotes the non-trivial automorphism of the quadratic
number field K := Q(θ). This condition, which says that θ−1 is reduced in
the classical sense, can be easily dropped (see a few lines after the statement
of our Theorem), and simplifies many proofs in this text.

We now need a few notations. Let us write M = Z + θ−1Z; it is a free
Z-submodule of K of rank 2. Let S be the stabiliser of M , that is, the order
of K defined by:

S := {β ∈ K such that βM ⊂ M}.

Let β be an element of S. There exist four rational integers a, b, c, d, uniques
with the property that

β = cθ−1 + d, βθ−1 = aθ−1 + b. (2)

The association β 7→
(

a

c

b

d

)
defines an algebraic action of S on G2

m:

(u = (u, v) ∈ G2
m, β ∈ S) 7→ uβ = (uavb, ucvd), (3)

where a, b, c, d are determined by (2).

Definition 1.1 The saturated S-module generated by u ∈ G2
m is the set:

Γsat(u) := {v ∈ G2
m such that vβ = uγ , with (β, γ) ∈ (S \ {0})× S}.

Two elements u1, u2 ∈ G2
m are S-equivalent (we write u1 ∼ u2) if

Γsat(u1) = Γsat(u2).
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If u1, . . . , um are points of G2
m, the S-equivalence induces a partition

P = {I1, . . . , Ir} (4)

of the set {1, . . . ,m} by the property: i, j ∈ Is (s = 1, . . . , r) if and only if
ui ∼ uj . The main result of this text is the following.

Theorem 1 Let us consider m algebraic points u1, . . . , um ∈ G2
m ∩ Dθ and

the partition (4) of the set {1, . . . ,m} associated to the S-equivalence. Let
us also write:

K = Q(fθ(u1), . . . , fθ(um)), Ks = Q(fθ(ui))i∈Is , s = 1, . . . , r.

Let us denote by d the transcendence degree of K and for all s, let us denote
by ds the transcendence degree of Ks. Then, we have

d = d1 + · · ·+ dr.

On can check (see section 2 in this text) that the points u1, . . . , um are
pairwise S-equivalent if and only if the m-tuple (u1, . . . , um) satisfies the
rank one hypothesis of [Pel1, section 2.3].

After Theorem 1, if fθ(u1), . . . , fθ(um) are algebraically dependent, there
exists a non-empty subset I ⊂ {1, . . . ,m} such that if l is its cardinality,
the l-tuple (ui)i∈I satisfies the rank one hypothesis and the numbers fθ(ui),
i ∈ I are algebraically dependent. Hence, we can apply Theorem 1.1 of [Pel1]
to characterise the l-tuple (ui)i∈I ; in particular, we find that the numbers
fθ(ui), i ∈ I and 1 are Q-linearly dependent. This explains why the present
work (together with [Pel1]) solves the particular case of the Problem we are
interested in.

We now explain how to get rid of the condition (1) in Theorem 1. We
recall from [Pel1] the notation:

C.u = (uavb, ucvd),

where C =
(

a

c

b

d

)
is a matrix with rational integer entries and u = (u, v) is a

point of G2
m. We may suppose that 0 < w < 1: it has an ordinary continued

fraction development

w =
1

d0+
1

d1 + · · ·
1

b0+
1

b1 + · · ·
= [0, d0, d1, . . . , dg, b0, b1, . . . , b2r−1︸ ︷︷ ︸

period

, b0, b1, . . .]
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for g ≥ 0, r > 0 and d0, . . . , dg−1, b0, . . . , b2r−1 ∈ Z>0.

If T =
(

a

c

b

d

)
is the matrix defined in (1.7) of [Pel1] and if θ is defined

by w = dθ+b
cθ+a , then the transcendence degree of the fields

Q(fw(u1), . . . , fw(um)) and Q(fθ(T.u1), . . . , fθ(T.um))

are the same, after the arguments on p. 4 of [Pel1]. Hence, most of the
time it suffices to work with w = θ satisfying (1). Notice however that the
m-tuple (T.u1, . . . , T.um) may not satisfy the rank one hypothesis even if
the m-tuple (u1, . . . , um) does.

From Theorem 1 and Theorem 1.1 of [Pel1] we can deduce the following
Corollary.

Corollary 1 Let H be a connected algebraic subgroup of G2
m of dimension

1. Let u1, . . . , um be algebraic elements of H ∩ Dw. Then, the complex
numbers fw(u1), . . . , fw(um) are algebraically independent over Q if and only
if u1, . . . , um are distinct.

A proof of this Corollary, which holds for general quadratic irrational w’s,
will be given in the case w = θ with θ satisfying (1) in section 4. Corollary
1 implies a Theorem of Masser in [Mas2] (by setting H = Gm × {1}).

Theorem 2 (Masser) Let u1, . . . , um be algebraic numbers such that 0 <
|ui| < 1 for all i = 1, . . . ,m. Then fw(u1, 1), . . . , fw(um, 1) are algebraically
independent if and only if u1, . . . , um are distinct.

Here is another consequence of our results; we recall from [Pel1] that a
torsion point g of G2

m is by definition, a couple of roots of unit.

Corollary 2 Let us suppose that w = θ satisfies (1). Let u1, . . . , um be
algebraic elements of G2

m ∩Dθ. Let us suppose that with the action (3), they
generate an S-submodule of G2

m which does not contain any torsion point
other than (1, 1). Then, we have that uη

i 6= uj for all 1 ≤ i < j ≤ m
and for all units η of S, if and only if fθ(u1), . . . , fθ(um) are algebraically
independent over Q.

Corollary 2 implies a result of Loxton and van der Poorten in [Lo-Po2]
(see Theorem 5 of this text) and a proof of it will also be included in section
4.
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Our results imply that non-trivial relations between complex numbers
such as

fθ(u1), . . . , fθ(um)

only arise if at least two of the points u1, . . . , um are S-equivalent. Thus, we
do not find new relations if we leave the rank one hypothesis of [Pel1]. This
is also a typical feature of Fredholm series (see [Lo-Po3]).

Another analogy with Fredholm series is the fact that all the relations
are linear, and can be very complicated. Some examples were given in [Pel1]
(examples 1.3, 1.4 and 1.5). in section 5, some other families of “special”
and “generic” relations will be explicitly described.

Here are a few words about the methods employed in this article.
As in [Pel1], the main difficulty we encounter is the fact that we must

work with analytic functions of several complex variables allowing (at first
sight) very complicate algebraic relations.

As in [Pel1], the use of the structure of S-module of G2
m given by (2) and

(3) seems the only way to decrypt the relations between the numbers fw(u)
and is a key point in this work.

In particular, we have the functional equation

fθ(uη) = f(u)−R(u) (5)

for fθ (equation (1.11) of [Pel1]), valid for η > 1 > η′ > 0 a unit in S. By
means of it, we are able to apply Mahler’s method, thanks to several tools
introduced in [Pel1].

We apply the same classical criterion of algebraic independence that we
have used in [Pel1]: [Ni, Theorem 3.3.2, page 88]. Here however, we deal
with functions of 2n complex variables with n ≥ 1 (instead of 2 variables as
in [Pel1]), and the matrix C(η) involved in the criterion above is no longer
irreducible. Vanishing properties of certain locally analytic functions are
more complicated than in [Pel1] (where we only needed Mahler’s vanish-
ing Lemma), and we must use the vanishing Theorem of Masser [Mas1] to
check a technical condition, called “property A”, playing the role of a zero
estimate.

Masser’s vanishing Theorem translates the analytic property A into a ge-
ometric property. This property can be very difficult to handle (this happens
in several works by Loxton and van der Poorten; see for example Theorem
5 of this text).

Fortunately, in the situation of our text, this geometric property is equiv-
alent to “multiplicative independence” of certain points, for our structure of
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S-module. This is a second key point of our method making the “property
A” transparent enough to conclude the proof.

Here is the plan of this text. After some preliminary tools for our proof
(section 2, whose content will be described in its introduction) we will prove
the main Theorem in section 3. In section 4 we will prove its Corollaries.
In an Appendix, section 5, we will give some examples of relations between
values of Hecke-Mahler series.

To end this section, we quote a result which follows from a combination
of Theorem 1 and Theorem 1.1 of [Pel1], and which can be interesting as it
gives a geometric interpretation of the relations between the values of fθ at
algebraic points of G2

m.

Theorem 3 Let m ≥ 1 be an integer. There exists a finite set V of proper
algebraic subgroups of even dimension of G2m

m , with the following property.
Let M = (u1, . . . , um) be an algebraic point of G2m

m . If for all m-tuples
(η1, . . . , ηm) of units of K we have:

(uη1
1 , . . . , uηm

m ) 6∈
⋃
Z∈V

Z,

Then the complex numbers fθ(u1), . . . , fθ(um) are algebraically independent
over Q.

The proof of this result follows from the above mentioned results in a
rather elementary way; we do not give more details here. It is also possible to
sharpen this statement get a necessary and sufficient condition for algebraic
independence.

2 Preliminaries to the proof of our Theorem.

In this section wee recall the main notations from [Pel1] and we introduce
some new tools for our proof. The reader will find: a criterion of irrationality
for functions (Lemma 2.2), an account of the basic properties of the mul-
tiplicative independence in T (Lemma 2.3), a connection of this property
with the “property A” of Loxton and van der Poorten (Lemma 2.4) and
a result which allows to construct “positive” S-bases in finitely generated
S-submodules of T (Proposition 1).

In the following, we will denote by M∗ the dual (for the trace t) of a
free Z-module M of rank 2 in K. We recall that if M ⊂ N are two free
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Z-submodules of K of rank 2, then N∗ ⊂ M∗. Moreover, S(M) = S(M∗)
and S(M) is itself a free Z-module of rank 2.

From now on, we assume that w = θ is a positive quadratic irrational
satisfying (1), and we write

f(u) := fθ(u)

(unless otherwise specified).
We choose the basis (B0, B1) = (θ−1, 1) of the Z-module M = Z + θ−1Z.

We also write:

B =
(

B∗
0

B∗
1

B∗
0
′

B∗
1
′

)
= δ−1

(
1

−θ′−1

−1
θ−1

)
,

where
δ = θ−1 − θ′−1,

so that (B∗
0 , B∗

1) is the basis of M∗ dual of (B0, B1).
We consider the exponential function (with e(τ) = e(2πiτ), e(a1, . . . , as) =

(e(a1), . . . , e(as)), i :=
√
−1):

Φ(z, z′) = te(B · t(z, z′)). (6)

We will also denote by D = Dθ the domain of convergence of f . At
the same time, we need to work with another domain, D+, which is the a
domain of convergence of the twin series f+ defined in section 3.1 of [Pel1].
If p, q are two coprime positive integers such that 2/t(θ−1) = p/q, then

D+ = {(u, v) ∈ C2 such that |u| < 1 and |u|p|v|q < 1}.

If H is the complex upper half plane

H = {z ∈ C such that =(z) > 0},

(=(·) denotes the imaginary part of a complex number) and if

W+ := {(z, z′) ∈ H × C with −=(z) < =(z′) < =(z)},

then D+ ∩ T = Φ(W+) where

T := G2
m

(see equality (4.11) of [Pel1]).
In fact, D can be described in a similar way by setting

W := {(z, z′) ∈ H × C with =(z′) < =(z)}.
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One shows (cf. loc. cit.) that D ∩ T = Φ(W), from which one sees that
D+ ⊂ D.

In the following, lower case greek letters will exclusively denote elements
of K. Lower case italic letters will often denote complex numbers; they
can occasionally be in K. The notations z, a, x, . . . will indicate l-tuples
(with l > 1) of complex numbers. If l = 2, the couples will be of the
form (z, z′), (a, a′), (x, x′), . . . but if x (or x′) does not belong to K, the dash
′ will have nothing to do with the Galois conjugation. If β is in K and
z = (z, z′) ∈ C2, we will write βz = (βz, β′z′).

The exponential function Φ induces an action of the stabiliser S = S(M)
of M over T defined by:

S × T → T
(β, u) 7→ uβ := Φ(βz),

where z = (z, z′) ∈ C2 is such that Φ(z) = u.
For ν ∈ K×, let B(ν) be the matrix defined in (2.4) of [Pel1]:

B(ν) = B ·
(

ν

0
0
ν ′

)
·B−1. (7)

It is easy to check that if β ∈ S, then B(β) =
(

a

c

b

d

)
with a, b, c, d ∈ Z, and:

uβ = B(β).u := (uavb, ucvd).

This is the action introduced in (2) and (3).
By Lemma 2.1 of [Pel1], a point g ∈ T is torsion if and only if there

exists α ∈ K such that Φ(α1) = g (where 1 = (1, 1)). We remark that if
u, v ∈ T are non-torsion, then only two cases can occur.

1. We have u ∼ v and
uγ = Φ(α1)vβ, (8)

for some α ∈ K and β, γ ∈ S \ {0}.

2. We have u 6∼ v and for all β, γ ∈ S, not both zero, the point uβvγ is
non-torsion.

If (8) holds, there exists w ∈ T, such that wγ = v, with γ as in (8). After
Lemma 2.1 of [Pel1], we can find δ ∈ K, ρ ∈ S \ {0} such that u = Φ(δ1)wρ.

Let us consider non-torsion points u1, . . . , um ∈ T; the relation ∼ deter-
mines a partition (Is)s=1,...,r of the set {1, . . . ,m}. A little induction and
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the argument above show that for all s = 1, . . . , r, there exists a non-torsion
point vs ∈ T such that for all i ∈ Is, there exists αi ∈ K and βi ∈ S \ {0}
satisfying:

ui = g
i
vβi

s , (9)

with g
i

= Φ(αi1) torsion point. This shows that for all s = 1, . . . , r, the
collection

(ui)i∈Is

satisfies the rank one hypothesis defined in section 2.3 of [Pel1].

Irrationality of certain series.

Definition 2.1 A strictly convex cone ∇ of Rn of axis Y ∈ Rn\{0} is, when
n > 1, the union of all the half-lines ZR>0 with Z 6= 0 in Rn, such that the
plane angle between Y and Z has absolute value less than, or equal to q,
for some q < π/2. When n = 1 by definition, there are two strictly convex
cones only; the positive and the negative half-lines of R. When n > 1, the
supremum of the numbers q is called the amplitude of ∇, and the point
0 = (0, . . . , 0) its apex.

The lemma below is quoted for later use, and collects some elementary
properties of cones.

Lemma 2.1 Let ∇ be a strictly convex cone in R>0×Rn−1, let y = (y1, y2,
. . . , yn) be a point of Rn.

1. If n > 1, the intersection between ∇ and a plane P through y and the
line determined by the axis of ∇ is a strictly convex cone of R>0 × R.

2. If y1 < 0 then the distance between y and ∇ (that is, the infimum of
the distance between y and a point of ∇) is strictly positive.

3. If y1 = 0, then the distance between y and ∇ is zero if and only if
y = 0 (that is, if and only if y is the apex of ∇).

Proof. The first property is a direct consequence of the definition of a
strictly convex cone. The second and the third properties follow from the
first by elementary plane geometry in the case n > 1, and are trivial in the
case n = 1.

We have the isomorphism of Z-modules

` : Z2n → (M∗)n

9



defined by:
`(p1, q1, . . . , pn, qn) = (γ1, . . . , γn), (10)

where for i = 1, . . . , n:

γi = δ−1(pi − qiθ
′−1) ∈ M∗.

Let λ = (λ1, . . . , λn) be an element of (M∗)n. We write:

M(V )λ = up1
1 vq1

1 · · ·upn
n vqn

n , (11)

where pi, qi (i = 1, . . . , n) are integers such that `(p1, q1, . . . , pn, qn) = λ.
We denote by C{V } = C{v1, . . . , vn} the set of the formal Laurent series

in 2n variables with complex coefficients, which is a C-vector space of infinite
dimension. A series Q in C{V } is of the form:

Q(V ) = Q(u1, v1, . . . , un, vn) =
∑

(p1,q1,...,pn,qn)∈Z2n

cp1,q1,...,pn,qnup1
1 vq1

1 · · ·upn
n vqn

n ,

with cp1,q1,...,pn,qn ∈ C for all (p1, q1, . . . , pn, qn) ∈ Z2n. This vector space con-
tains the integral domain of series which are convergent in a neighbourhood
of 0 = (0, . . . , , 0).

Let Q(V ) ∈ C{V } be a formal series. We may write:

Q(V ) =
∑

λ∈(M∗)n

cλM(V )λ, (12)

with cλ ∈ C. Let Σ : K → R2 be the embedding of K given by ν 7→ (ν, ν ′) ∈
R2, let

Σn : Kn → R2n

be the direct sum of n copies of Σ.
The following Definition extends a Definition in section 3.4 of [Pel1].

Definition 2.2 The K-support ΣK(Q) of an element Q ∈ C{V } (12) is the
subset of (Σ(M∗))n ⊂ R2n whose elements

Σn(λ) = (Σ(λ1), . . . ,Σ(λn))

are such that cλ 6= 0. By definition, we set ΣK(0) = ∅.

We will also use the R-linear map

Π : R2n → Rn

(y1, y
′
1, . . . , yn, y′n) 7→ (y′1, . . . , y

′
n)
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(cf. p. 37 of [Pel1] in the case n = 1), so that if ν = (ν1, . . . , νn) is in Kn,

Π(Σn(ν)) = (ν ′1, . . . , ν
′
n) ∈ Rn.

The following Lemma is an extension of Lemma 5.1 of [Pel1].

Lemma 2.2 (A criterion of irrationality.) Let Q(V ) be an element of
C{V } converging in a non-empty neighbourhood O of 0. Let us suppose
that the set Π(ΣK(Q)) is contained in a strictly convex cone ∇ included
in R>0 × Rn−1 and that it contains a sequence of points (x′1,s, . . . , x

′
n,s) ∈

(K \ {0})n such that:

lim
s→∞

(x′1,s, . . . , x
′
n,s) = 0 ∈ Rn. (13)

Then, over O, the series Q does not converge to a rational function in C(V ).

Proof. Cauchy’s multiplication of an element of C{V } by a Laurent poly-
nomial is well defined; let us check this for monomials first, taking into
account the formalism that we have introduced. If Q is as in (12) and if
µ = (µ1, . . . , µn) ∈ (M∗)n, then

M(V )µQ =
∑

λ∈(M∗)n

cλM(V )λ+µ,

from which we also deduce that

ΣK(M(V )µQ) = Σn(µ) + ΣK(Q).

Let now B be a non-zero Laurent polynomial of C{V }. We may write:

B(V ) =
∑
µ∈E

cµM(V )µ, (14)

where E is a finite non-empty subset in (M∗)n with Σn(E) = ΣK(B), so that
the cλ’s are all non-zero complex numbers. The Cauchy product of B and
Q is the finite linear combination:

BQ(V ) =
∑
µ∈E

cµM(V )µQ(V )

(this product never vanishes).
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The computation of ΣK(BQ) in terms of ΣK(Q) for a given polynomial
B is difficult (except if this polynomial is a monomial). At least, we can say
that ΣK(BQ) is contained in the set

Z :=
⋃
λ∈E

ΣK(M(V )λQ) ⊂ R2n. (15)

The Lemma is proved if we show that, under our hypotheses, for any
polynomial function B(U) ∈ C[U ], the series BQ does not converge to a
polynomial function on O, and this is equivalent to the fact that the K-
support ΣK(BQ) of the series BQ ∈ C{V } is an infinite set for every poly-
nomial B ∈ C{V }.

By (13), the set Π(ΣK(Q)) has 0 as an euclidean accumulation point.
Moreover by hypothesis, for all (y1, . . . , yn) ∈ Π(ΣK(Q)), y1 > 0. Therefore:

inf{y1 such that (y1, y2, . . . , yn) ∈ Π(ΣK(Q))} = 0.

Hence, for µ = (µ1, . . . , µn) ∈ (M∗)n,

inf{y1 such that (y1, y2, . . . , yn) ∈ Π(ΣK(M(V )µQ))} = µ′1. (16)

Let B be any non-zero polynomial of C[V ] written as in (14); we have
the set Z defined as in (15), which contains ΣK(BQ), as said earlier.

The finiteness of E implies that there exists:

ι := inf{y1 such that (y1, y2, . . . , yn) ∈ Π(Z)}.

By (16), we see that

ι = min{µ′1, such that (µ1, . . . , µn) ∈ E}.

Let us denote by E0 the subset of E whose elements µ = (µ1, . . . , µn) are
such that

µ′ = (µ′1, . . . , µ
′
n) = (ι, ∗, . . . , ∗) ∈ Rn.

Let us choose an element µ
0

= (µ0,1, . . . , µ0,n) ∈ E0. We now show that
ΣK(BQ) contains infinitely many elements of Σn(µ

0
) + ΣK(Q), and this

will end the proof of the Lemma.
There exists ε > 0 such that for all µ ∈ E \{µ

0
}, the distance between µ′

0
and µ′ +∇ is > ε. This easily follows from Lemma 2.1 (point 2 if µ ∈ E \ E0

or point 3 if µ ∈ E0) and the finiteness of E . Hence,

B(µ′
0
, ε) ∩ (µ′ +∇) = ∅, for all µ ∈ E \ {µ

0
} (17)
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(that is, the ball of Rn of center µ′
0

and radius ε has no common points with
µ′ +∇).

From (13), the ball B(0, ε) contains infinitely many elements of Π(ΣK(Q)):
we denote by Q the infinite set of these elements.

The translate µ′
0
+Q is also infinite, and

µ′
0
+Q ⊂ µ′

0
+ Π(ΣK(Q)).

On the other hand,

(µ′
0
+Q) ∩ (µ′ + Π(ΣK(Q))) = ∅, for all µ ∈ E \ {µ

0
}

by (17). This implies:

µ
0
+Q ⊂ Π(ΣK(BQ)),

and the K-support of BQ is infinite.

Multiplicative independence and vanishing Theorem.

Definition 2.3 We say that the elements z1, . . . , zn ∈ C2 are K-linearly
independent if, writing zi = (zi, z

′
i) for all i, the only solution (µ1, . . . , µn) ∈

Kn of the two simultaneous equations

n∑
i=1

µizi = 0 (18)

in C2 is the trivial solution µ1 = · · · = µn = 0. When z1, . . . , zn ∈ C2 are
K-linearly independent, we say that they form a K-basis of the K-vector
space they generate. If z1, . . . , zn ∈ C2 are not K-linearly independent, we
will say that they are K-linearly dependent.

Definition 2.4 We say that the points a1, . . . , an ∈ T are multiplicatively
independent if the only solution (µ1, . . . , µn) ∈ Sn of

aµ1
1 · · · aµn

n = 1 (19)

in T is the trivial solution µ1 = · · · = µn = 0. A notion of multiplicative
dependence is determined as well.
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Basic facts about S-modules and multiplicative independence.

Before going on, we need a Remark.

Remark 2.1 After the beginning of the proof of Lemma 2.1 of [Pel1], if α
is an element of K, there always exists n ∈ N \ {0} such that nα ∈ S.

Lemma 2.3 Let a1, . . . , an be points of T, let z1 = (z1, z
′
1), . . . , zn = (zn, z′n)

be elements of C2 such that Φ(zi) = ai for i = 1, . . . , n. The following three
conditions are equivalent.

1. The points a1, . . . , an are multiplicatively dependent.

2. The elements 1, z1, . . . , zn are K-linearly dependent.

3. There exists an n-tuple τ = (τ1, . . . , τn) ∈ Kn \ {0} and two elements
ν1, ν2 ∈ K, linearly independent over Q, such that:

n∑
i=1

(νjτizi + ν ′jτ
′
iz
′
i) ∈ Q for j = 1, 2. (20)

Proof. The equivalence between the first two conditions of the lemma is
easily checked because for all τ ∈ K there exists p ∈ Z\{0} such that pτ ∈ S
(Remark 2.1).

We prove that the third condition implies the second condition. Let ν1, ν2

be two elements of K which are Q-linearly independent and τ1, . . . , τn ∈ K,
not all zero such that (20) holds. Hence, we have:

n∑
i=1

(νjτizi + ν ′jτ
′
iz
′
i) = rj , j = 1, 2,

with r1, r2 ∈ Q. It is enough to prove that, with τ = (τ1, . . . , τn):

(τ · tz, τ ′ · tz′) =
n∑

i=1

(τizi, τ
′
iz
′
i) ∈ Σ(K)

(the notation is the standard one for the multiplication of a line matrix by
the transposed of a line matrix). Let us write zi = xi + iyi with xi, yi ∈ R
for i = 1, . . . , n. Let us write a = τ · tx, a′ = τ ′ · tx′, b = τ · ty and

14



b′ = τ ′ · ty′ (where x := (x1, . . . , xn), y := (y1, . . . , yn) and similar meanings

are attributed to x′, y′). As the matrix
(

ν1

ν2

ν ′1
ν ′2

)
is invertible, from

(
ν1

ν2

ν ′1
ν ′2

)
·
(

a + ib
a′ + ib′

)
=

(
r1

r2

)
,

separating real and imaginary part, we see that b = b′ = 0 and:(
a

a′

)
= (ν1ν

′
2 − ν2ν

′
1)
−1
(

ν ′2
−ν2

−ν ′1
ν1

)
·
(

r1

r2

)
= Σ

(
ν ′2r1 − ν ′1r2

ν1ν ′2 − ν2ν ′1

)
∈ Σ(K).

This is the second condition, because we have showed that there exists τ ∈ K
such that, in C:

n∑
i=1

τizi = τ and
n∑

i=1

τ ′iz
′
i = τ ′. (21)

If on the other hand the relations (21) hold, then, we have (τ ·tz, τ ′ ·tz′) ∈
Σ(K), and for any two elements ν1, ν2 of K we have (20).

Algebraic interpretation of the property A.

Let
C = (ai,j)1≤i,j≤ñ

be a regular square matrix of order ñ with its entries ai,j in Z, let V =
(v1, . . . , vñ) be an element of Gñ

m. We write

C.V = Ṽ ∈ Gñ
m,

where Ṽ = (ṽ1, . . . , ṽñ) with ṽi =
∏ñ

j=1 v
ai,j

j .
Suppose that for all 1 ≤ i, j ≤ ñ we have ai,j ≥ 0. It is well known

(p. 396 of [Lo-Po2]) that the maximum λC of the absolute values of the
eigenvalues of C is itself an eigenvalue of C.

Definition 2.5 We say that the matrix C is good if it is non-singular, it has
no roots of unit as eigenvalues, its minimal polynomial has all the eigenvalues
of absolute value = λC as simple zeros, and it has an eigenvector vC ∈ Rñ ⊂
Cñ corresponding to λC whose coordinates are all positive (compare with
[Mas2] p. 209).

15



If C is good, there exists a non-empty subset U(C) of Gñ
m such that for

all U ∈ U(C) we have
lim

k→∞
Ck.U = 0

in Cñ. The set U(C) is the intersection of an open euclidean neighbourhood
of 0 in Cñ with Gñ

m(C) (see definition 2 p. 93 of [Lo-Po1], or definition 2 and
lemma 1 p. 397 of [Lo-Po2]). A good matrix C is one which satisfies the
conditions I, II, III p. 33 of [Ni].

Let η be an irrational unit of S such that η > 1 > η′ > 0. Let us consider
the matrix:

C(η) := B(η)⊕ · · · ⊕ B(η) ∈ SL2n(Z),

which is the block diagonal matrix with copies of B(η) on its diagonal. It is
easy to check that C(η) has its entries in N, and that it is good. It is also
easy to check that Dn ∩ Tn ⊂ U(C(η)).

Definition 2.6 If A ∈ U(C(η)), we say that A satisfies the property A for
C(η) (1) if the only locally analytic function F such that F (C(η)k.A) = 0 for
all k big enough is the zero function (p. 398 of [Lo-Po2]).

Lemma 2.4 Let us consider multiplicatively independent algebraic points
a1, . . . , an ∈ T ∩ D. Then, the point

A := (a1, . . . , an) ∈ Tn ∩ U(C(η))

satisfies the property A for C(η).

Proof. Assuming the hypotheses of the Lemma, let us suppose that A does
not satisfy the property A. Theorem p. 276 of [Mas1] implies that there
exist two distinct elements

(p1,1, q1,1, . . . , pn,1, qn,1), (p1,2, q1,2, . . . , pn,2, qn,2) ∈ N2n,

and an arithmetic progression K ⊂ N, such that if we write:

Mi(U1, V1, . . . , Un, Vn) = U
p1,i

1 V
q1,i

1 · · ·Upn,i
n V

qn,i
n for i = 1, 2 ,

we have:

M1(C(η)κ.(u1, v1, . . . , un, vn)) = M2(C(η)κ.(u1, v1, . . . , un, vn)) for all κ ∈ K.
(22)

1This expression comes from the work of Loxton and van der Poorten. It probably
abridges “analytic property”.
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Let z1, . . . , zn ∈ C2 be such that Φ(zi) = ai (i = 1, . . . , n), let us write
µ

i
= `(p1,i, q1,i, . . . , pn,i, qn,i) ∈ (M∗)n (i = 1, 2) so that

Σn(µ
i
) = (p1,i, q1,i, . . . , pn,i, qn,i) ·B⊕n for i = 1, 2.

We observe that τ = µ
1
− µ

2
6= 0. We have (2):

Mi(C(η)κ.(u1, v1, . . . , un, vn)) =
= e((p1,i, q1,i, . . . , pn,i, qn,i) · C(η)κ ·B⊕n · t(z1, z

′
1, . . . , zn, z′n))

= e((p1,i, q1,i, . . . , pn,i, qn,i) ·B⊕n · t(ηκz1, η
−κz′1, . . . , η

κzn, η−κz′n))
= e(t(ηκµ

i
· tz)) for i = 1, 2.

Hence, the identities (22) for κ ∈ K imply:

t(ηκ1τ · tz), t(ηκ2τ · tz) ∈ Q

for two distinct rational integers κ1 and κ2. But since κ1, κ2 are distinct, ηκ1

and ηκ2 are Q-linearly independent and Lemma 2.3 implies that a1, . . . , an

are multiplicatively dependent: a contradiction.

Remark 2.2 Lemma 2.4 can be turned into an equivalence, that is, we also
have that if a1, . . . , an are multiplicatively dependent, then the point A does
not satisfy the property A for C(η).

We give a short sketch of proof of this fact (we do not need it in the
proof of our Theorem). If a1, . . . , an ∈ D are multiplicatively dependent,
then it is possible to find l ∈ N× such that the point

A′ = Al = (al
1, . . . , a

l
n)

lies in a connected algebraic subgroup H of Tn = G2n
m of even codimension

≥ 2, which also is an S-module with the diagonal action of S (over Tn). In
particular, for all k ∈ Z,

A′ηk ∈ H.

Let H1 be a hypersurface containing H; for all k:

C(η)k.A′ = A′ηk ∈ H1.

We can choose H1 so that an equation defining it also provides a non zero
locally analytic function F such that for all k big enough,

F (C(η)k.A′) = 0.

This implies that the point A does not satisfy the property A for C(η).
2By using the notation t(αz) = αz + α′z′, for α ∈ K and z = (z, z′).
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Positive bases for S-modules of finite rank.

Lemma 2.5 Let β be an element of S. The map u 7→ uβ from T to T
extends to an analytic map C2 → C2 if and only if

β ≥ max
{

θ′

θ
β′, β′

}
. (23)

Proof. Let ν be an element of M∗. By using the notation (11), The function
u 7→ M(u)ν from T to Gm extends to an analytic function C2 → C if and
only if the exponents of the monomial above are positive, if and only if

ν ≥ max
{
−ν ′,− θ

θ′
ν ′
}

(24)

(this follows from [Pel1, Lemma 3.1, condition 2]).
From the definition of the exponential function Φ we see that

uβ = (M(u)δ−1β ,M(u)δ−1θ′−1β).

Hence, the map u 7→ uβ extends to an analytic map C2 → C2 if and only if
ν = δ−1β, δ−1θ′−1β satisfy (24).

The first condition is equivalent to δ−1β ≥ max{δ−1β′,−(θ/θ′)δ−1β′},
that is, β ≥ max{β′,−(θ/θ′)β′}. The second condition is equivalent to
−δ−1θ′−1β ≥ max{−δ−1θ−1β′,−δ−1θ′−1β′}, that is, β ≥ max{(θ′/θ)β′, β′}.

Therefore, both conditions simultaneously hold if and only if

β ≥ max
{

β′,− θ

θ′
β′,

θ′

θ
β′
}

.

But after the condition (1), 0 < −(θ/θ′) < 1 and θ′/θ < −1. The proof
of the Lemma is complete by considering two cases, following the sign of β′,
in the inequality above.

Let P be the set of the elements β ∈ K such that (23) holds. We notice
that P ⊃ Q and, more generally, if β ∈ K is such that β ≥ |β′| > 0, then
β ∈ P. Moreover, if β ∈ K is such that β > 0, then for all η ∈ S unit big
enough with η > 1 > η′ > 0, we have ηβ ∈ P.

We will need the following Proposition, which is an extension to the “real
multiplication” of [Ni, Lemma 3.4.9 p. 105] (see also [Lo-Po3, Lemma 3 p.
37]).
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Proposition 1 Let u1, . . . , um be elements of T ∩D+. It is possible to find
an n-tuple (with 1 ≤ n ≤ m)

A = (a1, . . . , an) ∈ (T ∩ D+)n

with a1, . . . an multiplicatively independent, such that for some torsion points
g
1
, . . . , g

m
∈ T, units η1, . . . , ηm of S with ηi > 1 > η′i > 0 and elements

νi,j ∈ S ∩ P (i = 1, . . . ,m, j = 1, . . . , n) we have:

uηi
i = g

i
a

νi,1

1 · · · aνi,n
n , (i = 1, . . . ,m). (25)

The proof of this Proposition requires the following Lemma.

Lemma 2.6 Let w1, . . . , wm be elements of W+. There exist: an integer
n such that m ≥ n ≥ 1, elements α1, . . . , , αm ∈ K, elements ti ∈ W+

(i = 1, . . . , n) with 1, t1, . . . , tn K-linearly independent, and elements µi,j ∈
S such that

wi = αi1 +
n∑

j=1

µi,jtj , (i = 1, . . . ,m). (26)

Moreover, there also exist: units η1, . . . , ηm ∈ W with ηi > 1 for all i, el-
ements zi ∈ W+ with 1 and z1, . . . , zn K-linearly independent and elements
νi,j ∈ S ∩ P (1 ≤ i ≤ m, 1 ≤ j ≤ n), such that

ηiwi = ηiαi1 +
n∑

j=1

νi,jzj , (i = 1, . . . ,m). (27)

Proof. We remark that the set Σ(K) is dense in R2 so that for any couple
x ∈ R2 it is possible to find ν ∈ K with (ν, ν ′) close enough to x.

We also point out that if (x, x′) ∈ W+ and if (0, 0) 6= (y, y′) ∈ W+ (the
euclidean closure of W+), then (x + y, x′ + y′), (xy, x′y′) ∈ W+. Moreover,
for all α ∈ P, if s ∈ W+, then αs ∈ W+. This holds in particular for α = η
a unit such that η ≥ 1 and for α = ∆ a positive rational number.

The first part of the Lemma is easy. We consider the K-vector space
generated by 1, w1, . . . , wm (with the action of K that we have considered
until now). Since wi 6∈ R2 for all i, its dimension n + 1 satisfies 2 ≤ n + 1 ≤
m + 1. We can find a K-basis 1, t̃1, . . . , t̃n with t̃j ∈ W+, and we have
relations

wi = αi1 +
n∑

j=1

τi,j t̃j , (i = 1, . . . ,m)
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with αi, τi,j ∈ K for all i, j.
By Remark 2.1, there exists ∆ ∈ N \ {0} such that µi,j = ∆τi,j ∈ S for

all i, j. By setting tj = ∆−1t̃j for all j, we get relations such as (26), because
tj ∈ W+ for all j.

We now prove the second part of the Lemma. We prove the existence of
relations such as (27) by induction on m, since the property is evident for
m = 1 where it suffices to take z1 = w1, since 1 ∈ S ∩ P.

We may assume without loss of generality that (26) holds for i = 1, . . . ,m−
1 with µi,j ∈ S ∩ P for all j (to simplify the notations, we write wi at the
place of the ηiwi’s obtained by the induction hypothesis). By (26), we also
have:

wm = αm1 +
n∑

j=1

µm,jtj , (28)

but the elements µm,j of S do not necessarily belong to P.
However, if we reorder the elements ti in a suitable way, we can assume

that there exist two integer r, s such that 1 ≤ r ≤ s ≤ n, and such that

wm = αm1 +
r∑

j=1

µm,jtj +
n∑

j=s+1

µm,jtj ,

with µm,j > 0 for j = 1, . . . , r and µm,j < 0 for j = s + 1, . . . , n (sums with
empty sets of terms vanish by convention).

Let us also choose elements ρr+1, . . . , ρm ∈ K such that ρj > 0 and such
that

w̃m := wm −
m∑

j=r+1

ρjtj ∈ W+.

This is certainly possible and we have infinitely many choices; it suffices to
choose ρj small enough for all j. Of course, we also have −µm,j + ρj > 0
(j = s + 1, . . . , n).

Let η1 be a unit of S such that η1 > 1 > η′1 > 0, let us write:

λj = η1µm,j , (1 ≤ j ≤ r),
= η1ρj , (r + 1 ≤ j ≤ s),
= −η1µm,j + η1ρj , (s + 1 ≤ j ≤ n),

so that for all j = 1, . . . , n, we have λj > 0.
If η1 is big enough, then 0 < η′1 < 1 is very small and we can suppose

that
λj ∈ P, (j = 1, . . . , n).
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Moreover, we have:

η1w̃m = η1αm1 +
r∑

i=1

λiti −
n∑

j=r+1

λjtj . (29)

We claim that there exist elements σi,j ∈ K (1 ≤ i ≤ r, r + 1 ≤ j ≤ n)
with σi,j > 0 such that

r∑
i=1

σi,j = λj , (j = r + 1, . . . , n)

and

=

λiti −
n∑

j=r+1

σi,jtj

 > 0, (i = 1, . . . , r), (30)

where ti = (ti, t′i) for all i.
Let G :=

∑r
i=1 λi=(ti); it is a positive non-zero real number. If σi,j ∈ K

are non-negative and very close to

λi=(ti)λj

G

for i = 1, . . . , r−1 and for all j, then, again for all j, σr,j := λj−
∑r−1

i=1 σi,j is
very close to λr=(tr)λj/G, non-negative and in K. The claim can be easily
checked with these choices.

We take the σi,j ’s as in the claim and η2 a unit of S very big (with
η2 > 1 > η′2 > 0), so that 0 < η′2 < 1 is very small. Let ∆ be a positive
rational integer, let us define z1, . . . , zn ∈ C2 (depending on η2 and ∆) by
the relations:

∆zi = η2ti −
n∑

j=r+1

η2σi,j

λi
tj (i = 1, . . . , r),

∆zj = tj , (j = r + 1, . . . , n),

that is:

η2ti = ∆zi +
n∑

j=r+1

η2σi,j∆
λi

zj (i = 1, . . . , r), (31)

tj = ∆zj , (j = r + 1, . . . , n). (32)
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Thanks to (30), we can choose η2 ∈ W big enough and a positive in-
teger ∆ so that zi ∈ W+ (i = 1, . . . , r) and the following conditions hold
simultaneously:

η2∆σi,j

λi
,∆λi, η2∆ρj ∈ S ∩ P, (i = 1, . . . , r, j = r + 1, . . . , n). (33)

We also have zj ∈ W+ for j = r+1, . . . , n (this follows directly from the fact
that ti ∈ W+ for all i). Hence, zi ∈ W+ for i = 1, . . . , n and 1, z1, . . . , zn

are K-linearly independent because the ti’s satisfy this property already.
Let η be equal to η1η2. From (29), (31) and (32), we see that

ηw̃m = ηαm1 +
r∑

i=1

λi(η2ti)−
n∑

j=r+1

r∑
i=1

(η2σi,j)tj

= ηαm1 +
r∑

i=1

∆λizi.

From the definition of w̃m we get

ηw̃m = η

wm −
n∑

j=r+1

ρj∆zj

 ,

and we see that

ηwm = ηαm1 +
r∑

i=1

∆λizi +
n∑

j=r+1

ηρj∆zj ,

which is, after (33), a linear combination of the zj ’s with coefficients νm,j ∈
S ∩ P.

At the same time, after (31), (32) and the conditions (33), the elements
η2t1, . . . , η2tr, tr+1, . . . , tn are linear combinations of the zj ’s with coefficients
ςi,l ∈ (S ∩ P) ∪ {0}. Hence, for k = 1, . . . ,m− 1, we have:

η2wk = η2αk1 +
r∑

i=1

µk,i(η2ti) +
n∑

j=r+1

(η2µk,j)tj

= η2αk1 +
n∑

l=1

ςi,l

 r∑
i=1

µk,i∆ +
n∑

j=r+1

η2µk,j

 zl.

Since the µk,j ’s are in S ∩P by induction hypothesis, since the ςi,l’s, if non-
zero, satisfy the same property, and since by (31) and (32) one sees that
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for each i there exists l with ςi,l 6= 0, the relations above are also linear
combinations of the zj ’s with non-zero coefficients νi,k, hence in S ∩ P.

Proof of Proposition 1. We recall that D+ ∩ T = Φ(W+). Let us choose
elements wi = (wi, w

′
i) ∈ W+ (i = 1, . . . ,m) such that Φ(wi) = ui for all

i. By using Lemma 2.6, we get units η1, . . . , ηm, elements α1, . . . , αm ∈ K,
elements zj (j = 1, . . . , n for a certain n with 1 ≤ n ≤ m) satisfying certain
properties.

If we set g
i
= Φ(αiηi1) for all i and aj = Φ(zj) for all j, then we get the

relations (25).

3 Proof of our Theorem.

A straightforward computation shows that our Theorem 1 is equivalent to
the following Theorem, that we will prove in this section.

Theorem 4 Let u1, . . . , um be algebraic elements of T ∩D, let {I1, . . . , Ir}
be the partition of {1, . . . ,m} associated to the S-equivalence. If the numbers

f(u1), . . . , f(um)

are algebraically dependent, there exists s with 1 ≤ s ≤ r such that the
numbers {f(ui), i ∈ Is} are algebraically dependent.

The plan of the proof is the following. We suppose that the numbers
f(u1), . . . , f(um) are algebraically dependent. We first check that a crite-
rion of algebraic independence of [Ni] applies to a collection of functions
Ψ1, . . . ,Ψm we are going to define below. The field generated by Q and the
images of these functions at a certain point A of Tn has the same algebraic
closure as the field generated by Q and f(u1), . . . , f(um). After this criterion
of algebraic independence (which needs some tools introduced in section 2
to apply), the functions Ψ1, . . . ,Ψm themselves are algebraically dependent
(over rational functions).

In section 3 we use the tools of section 2 again to prove that necessarily,
for some s such that 1 ≤ s ≤ r, the functions Ψi with i ∈ Is are linearly
dependent “modulo rational functions” and we will reach the conclusion.

For all u ∈ D there exists a constant c > 1 such that if η > c is a unit of S
with 1 > η′ > 0, then uη ∈ D+ (in fact, c can be chosen independently on u
but we do not need this here). Hence, after the functional equation (5), there
is no loss of generality to choose u1, . . . , um in D+. By the way, the reader
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can check that the action of units has no influence on the S-equivalence
classes.

We now apply Proposition 1. We have a positive integer n, multiplica-
tively independent algebraic points a1, . . . , an ∈ T∩D+, elements νi,j ∈ S∩P
(1 ≤ i ≤ m, 1 ≤ j ≤ n), torsion points g

1
, . . . , g

m
such that the equalities

(25) hold.
We may arrange the indexes i = 1, . . . ,m so that there exists 0 ≤ m0 ≤

m with:

ν ′i,1 > 0 for i = 1, . . . ,m0, (34)
ν ′i,1 < 0 for i = m0 + 1, . . . ,m.

According with the value of m0, we define:

Ψi(V ) = Ψi(v1, . . . , vn) = f+(g
i
v

νi,1

1 · · · vνi,n
n ) for i = 1, . . . ,m0, (35)

= f(g
i
v

νi,1

1 · · · vνi,n
n ) for i = m0 + 1, . . . ,m,

where f+ is the twin series of f defined in section 3.1 of [Pel1].

Proposition 2 The functions Ψ1, . . . ,Ψm are algebraically dependent on
C(V ).

Proof. By the point 2 of Proposition 3.5 of [Pel1], the sum of f and f+ is a
rational function Θ analytic on D+ and defined over Q. Hence we have the
equality of subfields of C:

Q(u1, . . . , um, f(u1), . . . , f(um)) =
= Q(u1, . . . , um, f(u1), . . . , f(um0

), f+(um0+1), . . . , f
+(um)).

By the functional equation (5) and by the functional equation of f+ (see
equations (3.9), (3.10) of [Pel1]), we check the equality of subfields of C:

Q(f(u1), . . . , f(um)) = Q(Ψ1(A), . . . ,Ψm(A)),

where Q denotes an embedding of an algebraic closure of Q in C.
The Proposition follows from [Ni, Theorem 3.3.2] (or a criterion of alge-

braic independence of Loxton and van der Poorten in [Lo-Po2]), if we check
some properties of the functions Ψi; we do this now.

First of all, since νi,j ∈ S ∩ P, the maps

(v1, . . . , vn) 7→ g
i
v

νi,1

1 · · · vνi,n
n
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extend to analytic functions C2n → C2 by Lemma 2.5.
Since for v1, . . . , vn ∈ D+ ∩ T we also have

g
i
v

νi,1

1 · · · vνi,n
n ∈ D+ ∩ T,

and since f, f+ simultaneously converge on D+, the series Ψ1, . . . ,Ψm con-
verge on D+n, hence on A = (a1, . . . , an), which belongs to D+n.

The Taylor expansions at 0 of the functions Ψ1, . . . ,Ψn have their coeffi-
cients in the cyclotomic number field generated by Q and the coordinates of
the torsion points g

1
, . . . , g

m
, because the functions f, f+ have their Taylor

expansion at 0 defined over Q.
By Lemma 4.6 of [Pel1], there exists an infinite subgroup W of the

multiplicative group of totally positive units of S such that for all η ∈ W we
have gη

i
= g

i
(i = 1, . . . ,m). After the functional equations (3.9) and (3.10)

of [Pel1], the functions Ψi(V ) satisfy on D+n the collection of simultaneous
functional equations:

Ψi(C(η).V ) = Ψi(V )−Ri(V ), (36)

for η ∈ W with η > 1 > η′ > 0, where

Ri(V ) = R+
η (g

i
v

νi,1

1 · · · vνi,n
n ) for i = 1, . . . ,m0,

= Rη(gi
v

νi,1

1 · · · vνi,n
n ) for i = m0 + 1, . . . ,m.

The series R+
η , Rη are defined in section 3.5.2 of [Pel1], where it is proved

that they converge on D+ to rational functions defined over Q. Hence the
series Ri are all convergent on D+n to rational functions defined over a
cyclotomic number field of finite dimension.

The matrix C(η) involved in the automorphism of (36) is good, as we
said earlier, at the beginning of section 2, thanks to the fact that η >
1. Moreover, by Lemma 2.4, the point A satisfies the property A, (these
conditions altogether mean, as we said earlier, that the conditions I, II, III,
IV on p. 33-34 of [Ni] are satisfied). The mentioned Proposition of [Ni]
applies.

Conclusion of the proof.

We recall a notation from [Pel1]. If E is a subset of K, then

E+ = {ν ∈ E such that ν > 0, ν ′ > 0},
E± = {ν ∈ E such that ν > 0, ν ′ < 0}.
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Theorem 3.2.2 of [Ni] (or Corollary 9 p. 29 of [Ku]) implies that the
functions Ψi(V ) are C-linearly dependent modulo C(V ). In other words, there
exist m complex numbers c1, . . . , cm, not all zero, and a rational function
Q+(V ) ∈ C(V ) such that:

m∑
i=1

ciΨi(V ) = Q+(V ). (37)

Before going further, let us collect some information about the functions
Ψi and Q+.

Lemma 3.1 For all i = 1, . . . ,m we have

ΣK(Ψi) ⊂ Σn(νiM
∗) (38)

and there exists a strictly convex cone ∇ ⊂ R>0 × Rn−1 such that

Π(ΣK(Ψ1)), . . . ,Π(ΣK(Ψn)),Π(ΣK(Q+)) ⊂ ∇. (39)

Proof. From (34), the description of the K-supports of f and f+ given by
formulas (3.12), (3.14) of [Pel1] (take N = M) and the definitions (35), we
see that

ΣK(Ψi) = {Σn(νi,1µ, . . . , νi,nµ) for all µ ∈ M∗ such that µ > µ′ > 0}
(i = 1, . . . ,m0), (40)

ΣK(Ψi) = {Σn(νi,1µ, . . . , νi,nµ) for all µ ∈ M∗ such that µ > −µ′ > 0}
(i = m0 + 1, . . . ,m). (41)

Since νi ∈ Sn for all i, we clearly have (38).
If i = 1, . . . ,m0 then νi,1 ∈ S+ and we have νi,1µ ∈ M∗

+ for all µ ∈ M∗
+. If

i = m0+1, . . . ,m then νi,1 ∈ S± and νi,1µ ∈ M∗
+ for all µ ∈ M∗

±. In all cases,
by (40) and (41), we see that if λ = (λ1, . . . , λn) is such that Σn(λ) ∈ ΣK(Ψi)
for some i, then λ′1 > 0. Hence, for each i, the set Π(ΣK(Ψi)) is contained
in the half-lines:

(ν ′i,1, . . . , ν
′
i,n)R>0 ⊂ R>0 × Rn−1 (i = 1, . . . ,m0),

(ν ′i,1, . . . , ν
′
i,n)R<0 ⊂ R>0 × Rn−1 (i = m0 + 1, . . . ,m).

Thus, there exists a strictly convex cone ∇ ⊂ R>0 × Rn−1 (of axis Y =
(1, 0, . . . , 0)R>0) such that for all i = 1, . . . ,m

Π(ΣK(Ψi)) ⊂ ∇
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and for every choice of (c1, . . . , cm) ∈ Cm \ {0}, we also have Π(ΣK(Q+)) ⊂
∇, and we get (39).

Lemma 3.2 If ΣK(Ψi) ∩ ΣK(Ψj) 6= ∅, then νi = (νi,1, . . . , νi,n), νj =
(νj,1, . . . , νj,n) are K-linearly dependent and ui ∼ uj (ui, uj are S-equivalent).

Proof. The first property follows from (38) because for all j, the elements
ν with Σn(ν) ∈ ΣK(Ψj) are multiples of νj with proportionality factor
in M∗ ⊂ K. After (25) we also see that Γsat(ui) = Γsat(uj) (equality of
saturated S-modules; Definition 1.1), that is, ui ∼ uj .

Thanks to Lemma 3.2, there exist pairwise K-linearly independent el-
ements τ1, . . . , τ r ∈ (K \ {0})n with τ s = (τs,1, . . . , τs,n) and τ ′s,1 > 0 for
1 ≤ s ≤ r such that, {I1, . . . , Ir} being the partition of {1, . . . ,m} associ-
ated to the S-equivalence, if i ∈ Is then νi = ςiτ s where ςi ∈ (K \ {0}) is
such that ς ′i > 0 if ν ′i,1 > 0, (that is, if i = 1, . . . ,m0) and ς ′i < 0 if ν ′i,1 < 0
(that is, if i = m0 + 1, . . . ,m).

After Remark 2.1, We can choose two positive rational integers q′, q′′

such that, for all i = 1, . . . ,m and s = 1, . . . , r:

βi := q′ςi ∈ S \ {0},
γ

s
:= q′′τ s ∈ (S \ {0})n.

Let q = q′q′′. We have:

qνi = (q′ςi)(q′′τ s) = βiγs
, (42)

with i ∈ Is.
We easily check that if 1 ≤ i ≤ m0 then βi ∈ S+, and if m0 + 1 ≤ i ≤ m

then βi ∈ S±. Let us write:

φ+
i (u) = f+(g

i
uβi), if i = 1, . . . ,m0,

φ+
i (u) = f(g

i
uβi), if i = m0 + 1, . . . ,m.

Using (42) we have, for 1 ≤ i ≤ m0 and i ∈ Is:

Ψi(v
q
1, . . . , v

q
n) = f+(g

i
v

qνi,1

1 · · · vqνi,n
n )

= f+(g
i
(vγs,1

1 · · · vγs,n
n )βi)

= φ+
i (vγs,1

1 · · · vγs,n
n ),
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and we have a similar equality for m0+1 ≤ i ≤ m. Thus, for all i = 1, . . . ,m:

Ψi(v
q
1, . . . , v

q
n) = φ+

i (vγs,1

1 · · · vγs,n
n ), (43)

where s is the integer such that i ∈ Is.
By Proposition 3.5 points 3, 5, 6 of [Pel1], the series φ+

i satisfy

ΣK(φ+
i ) ⊂ N∗

i ∩K+, i = 1, . . . ,m

where Ni := β−1
i M .

We now need the following Lemma, which is the key result of this section.

Lemma 3.3 Let us assume that (37) holds for non-zero complex numbers
c1, . . . , cm and Q+(V ) a rational function, let (Is)s=1,...,r be the partition of
{1, . . . ,m} associated to the S-equivalence. Then, for all s:∑

i∈Is

ciφ
+
i (u) = Q+

s (u), (44)

where Q+
s (u) is a rational function.

Proof. There is no loss of generality to suppose that ci 6= 0 for i = 1, . . . ,m.
Since βi > 0 for all i, there exists a unit η ∈ S+ with η > 1 such that

ηβi ≥ |η′β′i| > 0 for all i. By Proposition 3.5 point 6, the series φ+
i (uη)

converge on D+ (remember that D+ ⊂ D).
Since for all s, condition (44) is equivalent to∑

i∈Is

ciφ
+
i (uη) = Q+

s (uη)

and Q+
s (uη) is rational if and only if Q+

s (u) is rational, we can obviously
suppose, in (44), that the series φ+

i are convergent over D+. Obviously,
Q+

s (u) (being a linear combination of series having appropriate properties)
converge on D+ too.

We argue by contradiction. Let us suppose that there exists 1 ≤ s ≤ r
such that the series Q+

s (u) of (44) does not converge to a rational function.
Comparing (44) with equation (5.4) of [Pel1], we can apply Proposition

5.2 of this reference. From the point (2) of this Proposition we see that there
exists a sequence of non-zero elements:

(x′i)i∈N ⊂ Π(ΣK(Q+
s ))

such that limi→∞ x′i = 0.
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The K-supports of the series

Q+
s (vγs,1

1 · · · vγs,n
n )

are pairwise disjoint for s = 1, . . . , r (Lemma 3.2). Combining (43) and (37)
we see, with V q = (vq

1, . . . , v
q
n), that

m∑
i=1

ciφ
+
i (v

γs(i),1

1 · · · vγs(i),n
n ) =

r∑
s=1

Q+
s (vγs,1

1 · · · vγs,n
n ) = Q+(V q),

where s(i) is the integer such that i ∈ Is(i). There exists a sequence of
points:

((x′1,l, . . . , x
′
n,l))l∈N ⊂ Π(ΣK(Q+(V q)))

such that (13) holds. Thanks to (39), Lemma 2.2 applies (we know already
that Q+(V ) converge on a non-empty open neighbourhood of 0 ∈ C2n),
and Q+(V q) converges to an irrational function. This implies that Q+(V )
converges to an irrational function: a contradiction.

Combining Lemma 3.3 and [Pel1, Proposition 5.2 point 3] we see that
our assumptions imply the existence of a non-trivial relation in C{U}:∑

i∈Is

cif
+
Ni

(Φ((αi/βi)1)U) = 0,

where Φ(αi1) = g
i
, Ni = β−1

i M and f+
Ni

is defined in section 3.5.1 of [Pel1]
(for all i).

By [Pel1, Proposition 4.4], we can assume that c1, . . . , cm ∈ Q and
Q+

s (V ) ∈ Q(V ) in (44) for all s. We now choose s such that for some
i ∈ Is, ci 6= 0. Without loss of generality, we assume that s = 1. We have
(in the notations of [Pel1, Proposition 4.4]):∑

i∈I1

liF(Φ(αi1)Uβi) = 0,

for rational numbers not all zero li.
Let us consider the point:

v = Φ

 n∑
j=1

τ1,jzj

 ,
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where Φ(zi) = ai for all i. We see that:

vq′′ = Φ

 n∑
j=1

q′′τ1,jzj


= a

γ1,1

1 · · · aγ1,n
n ,

so that v is defined over Q. Let i ∈ I1:

g
i
vq′′βi = g

i
a

νi,1

1 · · · aνi,n
n

= uηi
i ,

by (42) and (25). By Proposition 4.8 of [Pel1], there exist rational numbers
di (i ∈ I1) and an algebraic number h with∑

i∈I1

dif(uηi
i ) = h.

Applying the functional equation (5) we end the proof of our Theorem.

4 Proof of the Corollaries.

In this section we prove the Corollaries 1 and 2, then we relate our results
to earlier works in Mahler’s method.

Proof of Corollary 1; preliminary Lemmata.

We prove Corollary 1 in the case w = θ with θ satisfying (1). The reader
can obtain the general case applying the arguments of the introduction, or
those on pp. 3-4 of [Pel1].

The hypothesis on H is equivalent to the existence of a couple of coprime
rational integers (h, l) ∈ Z2 \ {(0, 0)} such that for all (u, v) ∈ H, ulvh = 1.

Let us write ν = δ−1(−hθ′−1 + l) ∈ M∗; we have that for all r ∈ Q \ Z,
rν 6∈ M∗. Moreover, u = Φ(z, z′) ∈ H (for complex numbers z, z′) if and
only if

νz + ν ′z′ ∈ Σ(M) ⊂ C2. (45)

Thanks to our Theorem 4 (equivalent to the main Theorem), we can
suppose that for all i, j such that 1 ≤ i, j ≤ m, ui ∼ uj , or in other words,
that the the m-tuple M = (u1, . . . , um) satisfies the rank one hypothesis
(section 2.3 of [Pel1]).
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Hence, there exists a non-torsion algebraic point a ∈ T such that:

ui = kia
βi , i = 1, . . . ,m, (46)

for torsion points ki ∈ T and βi ∈ S \ {0}. We must prove that there exists
1 ≤ i 6= j ≤ m such that ui = uj .

Lemma 4.1 With the hypotheses above (in particular if (46) holds for some
non-torsion algebraic point a ∈ T), there exists a non torsion algebraic point
w ∈ H, torsion points g

i
∈ H and non-vanishing positive rational integers

ri, such that for all i = 1, . . . ,m:

ui = g
i
wri , i = 1, . . . ,m. (47)

Proof. We first remark that the Lemma follows if we prove it without the
condition on the positivity of the ri’s. Indeed, these numbers, if they exist,
must be non-zero and of the same sign, as D has the property that if u ∈ D,
then gu−1 6∈ D for all torsion points g, and torsion points lie on its boundary.
If they all are negative, we can replace w with w−1.

We claim that if two non-torsion algebraic elements u, v of H ∩D satisfy

uβvγ = 1, (48)

for some β, γ ∈ S \ {0}, then there exists an algebraic non-torsion point
w ∈ H such that:

u = gwa, v = wb, (49)

with a torsion point g ∈ H, and a, b ∈ N \ {0}.
Let us consider t1 = (t1, t′1), t2 = (t2, t′2) ∈ C2 such that:

Φ(t1) = u, Φ(t2) = v.

Let x1, x2, y1, y2, x
′
1, . . . ∈ R be such that

ti = xi + iyi, t′i = x′i + iy′i, (i = 1, 2).

The relation (48) and (45) (insert z = ti in the latter) imply:

βy1 + γy2 = β′y′1 + γ′y′2 = 0, (50)
νy1 + ν ′y′1 = νy2 + ν ′y′2 = 0. (51)
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We see that y1y
′
1y2y

′
2 6= 0: indeed, if for example, y1 = 0, then by (51) we

obtain y′1 = 0 and by some of the equalities (4.10) of [Pel1], u lies in the
boundary of D, case that has been excluded.

Now, from (50) we see that β/γ = −y2/y1 ∈ K× and β′/γ′ = −y′2/y′1.
Moreover, from (51), y2/y1 = y′2/y′1, so that β/γ = β′/γ′, that is, β/γ ∈ Q×.
There exist non-vanishing rational integers p, q such that:

β

γ
=

q

p
.

From the relation upβvpγ = 1 we get uqγvpγ = 1 which implies uqvp = b
for some torsion point b ∈ H.

Let w ∈ H be an element such that wq = v: it is a non-torsion algebraic
point because v is algebraic, non-torsion. From uq = bw−pq we get u = gw−p

for some torsion point g ∈ H such that gp = b; the claim is proved.
We end the proof of Lemma 4.1 by induction on m > 0. If m = 1 the

property to be proved is trivially satisfied. Let us suppose that

ui = p
i
xsi , i = 1, . . . ,m− 1,

where p
i
are torsion points and si are integers. We apply the claim (equality

(49)), to u = um and v = x. There exist a torsion point g of H and
a non-torsion algebraic point w ∈ H such that um = gwa and, for all
i = 1, . . . ,m− 1:

ui = gp
i
wasi

= g
i
wri ,

and we set rm = a.

For the next Lemma we introduce the following class of formal double
Laurent series in C{U} (see section 4 of [Pel1]). If N is a free Z-submodule
of K of rank 2 containing M (so that N∗ is contained in M∗), we write:

FN (U) =
∑

ν∈N∗\{0}
M(U)ν .

If β ∈ K× is such that βN ⊂ N (that is, if β ∈ S(N)) and if g is a torsion
point in T, then the series

FN (gUβ) =
∑

ν∈βN∗\{0}
M(g]U)ν = Fβ−1N (g]U)
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(for each g] torsion point such that g]β = g) in C{U} is well defined. These
equalities follow from the arguments in the beginning of the proof of Propo-
sition 4.4 of [Pel1].

The next Lemma may be used to show that the dimension of the Q-
vector space spanned by the series in (1.5) of [Pel1] does not depend on the
choice of v in (1.4) of loc. cit. This fact naturally follows from Theorem
1.1 of loc. cit. because one sees that the change of the generator v has not
influence on the degree of transcendence of K, and this degree is also the
mentioned dimension (by the way, this independence on v can also be read
on the saturated S-modules). In [Pel1] we wrote this as a remark without
proof; since this property is needed in the proof of Corollary 1, after the
statement we will also give a short (direct) proof.

Lemma 4.2 Let (u1, . . . , um) be a m-tuple of Tm whose coefficients are non-
torsion, let us suppose that there exists elements αi,j ∈ K, two non-torsion
points v1, v2 ∈ T and elements βi,j ∈ S \ {0} (i = 1, . . . ,m, j = 1, 2) such
that:

ui = Φ(αi,11)vβi,1

1 = Φ(αi,21)vβi,2

2 , i = 1, . . . ,m. (52)

Then we have (with Ni,j = β−1
i,j M):∑

i

ciFNi,1

(
Φ(αi,11)Uβi,1

)
= 0 (53)

if and only if ∑
i

ciFNi,1

(
Φ(αi,21)Uβi,2

)
= 0. (54)

Proof. We only need to prove one implication. Since v1, v2 are non-torsion,
we can choose elements z1 = (z1, z

′
1), z2 = (z2, z

′
2) ∈ C2 \ Σ(K) such that:

v1 = Φ(z1), v2 = Φ(z2).

Moreover, there exists β̃1, β̃2 ∈ S \ {0} such that

vβ̃1
1 vβ̃2

2 = 1,

so that there exists δ ∈ K \ {0} and γ ∈ K with

z1 = δz2 + γ1.

The conditions (52) are equivalent to the expressions in T (i = 1, . . . ,m):

ui = Φ(αi,11 + βi,1z1) = Φ(αi,21 + βi,2z2).
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These settings imply, for all i:

αi,1 + βi,1γ − αi,2 = τi ∈ M and βi,1δ = βi,2. (55)

The relation (53) is equivalent to the following linear relation of formal
Fourier series (see section 3.3 of [Pel1] and use Lemma 3.4 of this reference)
for formal variables Z1 = (Z1, Z

′
1), Z2 = (Z2, Z

′
2) such that Z1 = δZ2 + γ1:

0 =
m∑

i=1

ci

∑
ν∈N∗

i,1

e

(
t

(
ν

(
αi,1

βi,1
1 + Z1

)))

=
m∑

i=1

ci

∑
ν∈N∗

i,1

e

(
t

(
ν

(
αi,1

βi,1
1 + δZ2 + γ1

)))

=
m∑

i=1

ci

∑
ν∈N∗

i,2

e

(
t

(
ν

(
αi,1 + βi,1γ

βi,1δ
1 + Z2

)))

=
m∑

i=1

ci

∑
ν∈N∗

i,2

e

(
t

(
ν

(
αi,2 + τi

βi,2
1 + Z2

)))

=
m∑

i=1

ci

∑
ν∈N∗

i,2

e

(
t

(
ν

(
αi,2

βi,2
1 + Z2

)))
,

thanks to (55) and because τi/βi,2 ∈ Ni,2. Again by Lemma 3.4 of [Pel1],
(54) holds.

End of proof of Corollary 1.

We apply Lemma 4.1 (to the identities (46)). Let w, r1, . . . , rm, g
1
, . . . , g

m
be as in (47).

Since f(u1), . . . , f(um) are algebraically dependent, By Theorem 1.1 of
[Pel1] there exist rational numbers c1, . . . , cm not all zero, such that (53)
holds, with βi,1 = βi, ki = Φ(αi,11) for i = 1, . . . ,m. By setting βi,2 = ri,
g

i
= Φ(αi,21) (for all i) and applying Lemma 4.2, we see that (54) holds.
This relation implies, as for the relation (4.4) of [Pel1], the linear relations

for all µ ∈ M∗: ∑
i such that
µ ∈ riM∗

cie(t(αiµ)/ri) = 0. (56)

Let N ⊂ K be the Z-module generated by all the elements α ∈ K such
that t(αν) ∈ Z (ν being defined by (45)); then N = Qα] + M , for some
α] ∈ K \ {0} (h, l are coprime).
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Since g
i
∈ H for all i, we have α1, . . . , αm ∈ N . Let N be the Z-

module generated by M,α1, . . . , αm so that M ⊂ N ⊂ N . The group N/M
is finite and cyclic: let α ∈ N be a representative of a generator. There
exists a positive rational integer ` such that `α ∈ M and sα 6∈ M for
s = 1, . . . , `−1. There exists m rational integers 0 ≤ s1, . . . , sm ≤ `−1 such
that αi ∈ siα + M . For all µ ∈ M∗, the relations (56) become:∑

i such that
µ ∈ riM∗

cie(t(αµ)si/ri) = 0.

We note that the image of the map Υ : M∗ → Q defined by µ 7→ t(αµ) is
Z/`. Indeed, it is possible to construct a basis (ω, τ) of M∗ such that the
dual basis of M is (κ, `α) for some κ.

Let us choose r = ri0 the smallest possible with ci0 6= 0. Then, Υ maps
the set rM∗ \∪rj 6=rrjM

∗ surjectively onto (r/`)Z. The relations (56) imply:∑
i such that

ri = r

cie(sih/`) = 0, for all h ∈ Z.

The vanishing of a Vandermonde determinant implies, for two distinct in-
dices i, j, that ri = rj and si = sj . This finally gives ui = uj , hence proving
Corollary 1.

Proof of Corollary 2.

Let us consider an m-tuple M = (u1, . . . , um) of algebraic elements of T∩D
such that the S-module they generate is free (not containing torsion-points
other than 1). After Theorem 1, we can suppose that M satisfies the rank
one hypothesis [Pel1, section 2.3]. There exists an algebraic non-torsion
point v ∈ T such that

ui = vβi , i = 1, . . . ,m

with the βi’s in S\{0}. By Theorem 1.1 of [Pel1], the formal double Laurent
series

FβiM (U)

are Q-linearly dependent, and this means that for 1 ≤ i 6= j ≤ m, βiM =
βjM . Hence βi/βjM = M , which means that η = βi/βj is a unit of S,
hence proving Corollary 2.
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Link with earlier results of Loxton and van der Poorten.

In the introduction we quoted a very general result of Loxton and van der
Poorten which also implies some properties of algebraic independence of
values of Hecke-Mahler series f(u, v) with algebraic (u, v) ∈ T ∩ D. The
interesting application of this result to the series f appears on pp. 407-408
of [Lo-Po2]. Corollary 2 implies these properties and suggests future studies
in Mahler’s method.

Definition 4.1 Let (u1, v1), . . . , (um, vm) be couples of non-zero algebraic
numbers. We will say that the m-tuple ((u1, v1), . . . , (um, vm)) is free if the
following is true. Let η be a unit of S such that η > 1 > η′ > 0, let
(p1, q1, . . . , pm, qm) be any 2m-tuple of rational integers and let us define the
sequences (p(k)

j , q
(k)
j ) = (pj , qj) · B(η)k for j = 1, . . . ,m and k ∈ N. If

m∏
i=1

u
p
(k)
i

i

m∏
i=1

v
q
(k)
i

i = 1

for infinitely many k ≥ 0, then p1 = q1 = · · · = pm = qm = 0.

Theorem 5 (Loxton and van der Poorten) Let ((u1, v1), . . . , (um, vm))
be an m-tuple of couples of algebraic numbers such that 0 < |uj ||vj |θ < 1
and |uj | < 1 for all j = 1, . . . ,m. If the m-tuple ((|u1|, |v1|), . . . , (|um|, |vm|))
is free, the complex numbers f(u1, v1), . . . , f(um, vm) are algebraically inde-
pendent over Q.

This Theorem contains a well known Theorem of Mahler in [Mah] (case
m = 1). By the proof of Lemma 2.4, we see that an m-tuple (u1, . . . , um) is
free if and only if u1, . . . , um are multiplicatively independent. Now, an m-
tuple (u1, . . . , um) of multiplicatively independent algebraic elements of T∩D
clearly satisfies the hypotheses of Corollary 2 which implies the algebraic
independence of f(u1), . . . , f(um).

Moreover, if an m-tuple M = ((u1, v1), . . . , (um, vm)) of couples of alge-
braic numbers is such that the m-tuple ((|u1|, |v1|), . . . , (|um|, |vm|)) is free,
then M is also free: this shows that our Corollary 2 implies Theorem 5.

There exist plenty of m-tuples (u1, . . . , um) with f(u1), . . . f(um) alge-
braically independent, but not free (examples are given in the next section).
Therefore, our results are much more precise than Theorem 5.

5 Appendix: a portrait of the relations.

We divide the relations in two different types.
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Relations of generic type.

There are linear relations, that we call “generic”, which hold for all the
w ∈ R>0 at once, regardless to their quadraticity and the algebraicity of the
points. These relations, all homogeneous and defined over Q, arise from the
linear relations of rational functions:

m∑
i=1

cif∞(giu
bi , giv

bi) = 0,

where c1, . . . , cm are rational numbers, g1, . . . , gm are roots of unity, b1, . . . , bm

are positive rational integers, and f∞ = limw 7→∞ fw is the rational function

f∞(u, v) =
uv

(1− u)(1− v)
.

If (u, v) is a couple of complex numbers in T ∩ D, the simplest exam-
ple is the relation (1.8) of [Pel1] with m = 5 (notice that the quadruple
((u, v), (u,−v), (−u, v), (−u,−v)) is not free).

Relations of special type.

There are linear relations that we call “special”, which hold for irrational
quadratic w’s. these relations are often non-homogeneous, defined over Q
but not necessarily on Q. If w = θ satisfies (1), the simplest example of
these relations is provided for m = 2 by the functional equation (5).

There are many other special relations. Let us consider an irrational
element β ∈ S such that β ≥ |β′| > 0. Let Ker(β) be the kernel of the group
homomorphism T → T defined by u 7→ uβ : this kernel has n(β) elements,
indeed there is an isomorphism of groups Ker(β) ∼= (β−1M/M). Choose any
algebraic element v ∈ T ∩ D and consider the (n(β) + 1)-tuple of elements
of T ∩ D:

(u0, u1 . . . , un(β)) = (vβ , g
1
v, . . . , g

n(β)
v),

where g
1
, . . . , g

n(β)
are the elements of Ker(β). With the arguments of sec-

tion 4.2 of [Pel1], it is easy to check the existence of a relation of special
type:

n(β)f(u0)−
m∑

i=1

f(ui) = l ∈ Q.

Note that l might be non-zero, and it is easy to produce examples with l 6= 0
in this case.
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Moreover, the Q-linear independence of the formal double Laurent series

FM (g
i
U), i = 1, . . . ,n(β)

can be easily checked following the arguments of section 7 of [Pel1], and by
Theorem 1.1 of [Pel1] we get the algebraic independence of the numbers:

f(u1), . . . , f(un(β)).

This result cannot be reached neither by Theorem 2 nor by Theorem 5
because in the first result one coordinate of the points must be 1 and in the
second the n(β)-tuple

(u1 . . . , un(β)) = (g
1
v, . . . , g

n(β)
v)

must be free, which is false.
In this text we have studied the case of w quadratic only, essentially

because we needed the functional equation (5) to apply Mahler’s method.
This leads to many other relations of special type and our results imply
that there are relations of generic and special type only. What happens for
non-quadratic w’s?

For a non-quadratic w > 0, only relations of generic type should hold,
and we expect that if u1, . . . um are couples of algebraic numbers in T close
enough to (0, 0) ∈ C2, such that for two distinct irrationals w1, w2 > 0 two
relations:

m∑
i=1

cifwj (ui) = lj

hold for rational numbers c1, . . . , cm not all zero, lj ∈ Q and j = 1, 2, then
l1 = l2 = 0 and the two relations both arise from a single relation of generic
type. However, we do not know how to prove this even when the second
coordinate of the points involved is equal to 1.
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