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Abstract. We prove that the maximal abelian extension tamely ramified at infinity of the rational function
field over F is generated by the values at the points in the algebraic closure of F, of the higher derivatives
of the so-called Anderson and Thakur function w. We deduce a similar property for the special values of
the higher derivatives of a new kind of L-series introduced by the second author.

1 Results

In virtue of the Kronecker-Weber Theorem, the maximal abelian extension of Q in C can be
generated by the values of the exponential function at the rational multiples of 7v/—1. In [9], Hayes
proves a similar property for the Carlitz exponential exp .

Let F, be the finite field with ¢ elements and let K be the rational function field over F,. Let
us choose a generator 6 of K and let us denote by C,, the completion of an algebraic closure of the
local field Ko, =TF,((1/6)).

The Carlitz exponential expo (Goss, [, §3.2]) is a surjective, entire, F,-linear map exps : Coo —
Coo of kernel TA, where A = Fy[f] and where the period

7i=0(=0)71 [J(1-0""") " € (-0) 7T Ko (1)

i=1

is defined up to the multiplication by an element of F* =T, \ {0}.

Let Fg¢ be the algebraic closure of Fy in Co. Hayes result [9, Theorem 7.1] yields that the
maximal abelian extension E C C,, of K tamely ramified at the infinity place is the compositum
in C of Fg¢, and the subfield of C generated over K by the images of exp at the elements of
K.

The aim of this paper is to exhibit new ways to generate the extension F. Let us denote by
D the disk {z € C;|z| < 1}. The special function of Anderson and Thakur w, introduced in [4],
Proof of Lemma 2.5.4], can be defined for all € D by the convergent infinite product

w(z) = (—9)11%1 H (1 - %)_1, (2)

i>0
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where we choose the same branch of the (¢ — 1)-th root of —6 as in the product (T]).
This function already played a singular arithmetic role in previous literature. For instance, the
function

1
(t— 0w’
entire, determines a rigid analytic trivialization of the Carlitz (dual) t-motive (following Anderson,
Brownawell and Papanikolas in [3]).

The higher derivatives D, (w) of the function w (see §2)) all determine rigid analytic functions
D — Cu and we can consider the values D, (w)(¢) € C for all n > 0 and ¢ € Fg©. It turns out
that these are algebraic elements over K (see Proposition .

For each monic irreducible polynomial p of A (abridged to prime of A in all the following), we
choose a root ¢, € Fg°. We shall prove:

Q:

Theorem 1.1 The mazximal abelian extension E of K tamely ramified at the infinity place is gen-
erated over Fy by the elements Dy (w)(¢y) for all n > 0 and for every prime p of A.

In [12], the second author introduced a class of L-series which analytically interpolate the
Carlitz zeta values and the special values of Dirichlet-Goss L-series. The simplest of these functions

is defined by the eulerian product
-1
p(x))
L(z) = | I 1—-——= .
(@) v ( p

The above product runs over the primes of A, and for a polynomial a = E?:o a;0" € A =TF,[0]

and x € C, we have denoted by a(z) the element Z?:o a;z’ € Fylx]. We have convergence for all
2z € D. In [12, Theorem 1], the functional identity

£=—-70 (3)

is proved, hence featuring w as a “gamma factor”. This allows for the analytic study of trivial zeroes
and special values of £. By and Theorem |1.1| we obtain the following result which appears to
be in the spirit of Stark conjectures (see Tate’s book [14]):

Corollary 1.2 The field E is generated over F, by the elements # ' D, (£)({y) for all n > 0 and
for all prime p.

The paper is organized as follows. In §2] we present the properties of w that we develop to prove
our results. In particular, we show an analytic formula (Proposition and, in Theorem we
give an interpretation of w as a “universal Gauss-Thakur sum”; this is the result which originally
motivated our investigation. Formal analogies between the classical Gauss sums and Euler’s gamma
function also suggested this approach.

In the proofs of Theorems and Corollary are deduced from an identity of fields at
the level of finite extensions of K (Theorem [3.3)). In §3.1f we examine the compatibility of our
constructions with class field theory. We end with a few remarks about our methods. We point out
that, for the time being, our constructions do not seem to have appropriate analogues in the class
field theory for the rational field Q.

Acknowledgements. We warmly thank D. Goss and R. Perkins for fruitful discussions about the
topics of this paper. We are very thankful to R. Perkins for having drawn our attention to a
property similar to that of Corollary on the values of £ on Fg¢. We heartily thank the referee
for useful suggestions that helped us write a significantly improved text.



2 The function of Anderson and Thakur

Let | - | be the absolute value of Co, normalized by || = q. Let || - || be the Gauss absolute value
over Coo ®p, A determined by |[lc ® 1]| = [c| for all ¢ € Co,. We denote by T the completion of
Co ®r, A for this absolute value (we identify C., with its image by the C..-algebra embedding
Cs — T defined by ¢ — ¢® 1). This is the standard one-dimensional Tate algebra over Co, (see
[7] for an account of the theory of these algebras). If we denote by ¢ the element 1 ® § € T, then
every element f of T can be represented by a series

f = katkv

k>0

with fi € Cy for all k > 0 and with limy_,~ fr = 0. In particular, for all ¢ € C such that |¢| <1,

the series
FQ) = fuc"

k>0

converges in Cg.
Let 7: T — T be the unique F,[t]-linear automorphism extending the Fy-automorphism ¢ +— ¢?
of Cy. For all f € T, we have

(A= 17119
We denote by T[r] the skew polynomial ring whose elements are the finite sums ag+a17+- -+ a, 7"
with ag, ..., a, € T, where the sum is the usual one, and where the product is uniquely determined
by the rule
rf=1(f)r

for feT. Ifa=ap+ -+ a,7 € T[r] and f € T, the evaluation a(f) of « at f is the element
aOf + -+ anTn(f) € T.
For all n > 0, we denote by D,, the continuous Cy.-linear endomorphism of T determined by

the relations
n —m
o)

for m > 0, where (m) = w € F,. Then, (D,,)n>0 is an iterative higher derivative in
the sense of Matsumura, [10, §27]. For all n > 0 and for all f € T, D, (f) € T. We note that for all
n > 0, the operators D,, and 7 commute.

n

2.1 Values of w at roots of unity

In this subsection we briefly discuss the algebraicity of w and its higher derivatives at roots of unity.
Proposition 2.1 For alln >0 and ¢ € Fg¢, D, (w)(C) is algebraic over K.

Proof. From the definition of w, we see that

Hence, we have that
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where by = (t — 0)(t — 07) -+ (t — 67" ).
Let ¢ € Fg© be of degree d over IF,. Since for all f € T we have f(()qd = 79(£)(¢), we have that
w({)qd = (1%(w))(¢) and X = w(¢) is a root of the polynomial equation

X1 = by(Q). (6)

In particular, w((¢) is algebraic over K (cf. Theorem [2.9). Now, let n > 0 be an integer. Since the
operators D,, and 7 commute, we infer from that

74Dy (w)) = bgDp (w) + Z D;(bg)Dyp—i(w)

(since (Dy,)n>0 is a higher derivative, it satisfies Leibniz rule). Specializing at ¢t = ¢ we obtain that
X = D,(w)(¢) is a root of a polynomial equation:

X = 04(O)X + &, (7)
where
&= Di(9a)(¢) Dn—i(w)(0), (8)
i=1
that is, a linear combination of w(¢), D1 (w)(C),. .., Dn—1(w)(¢) with coefficients in A[(]. By induc-
tion on n, we conclude the proof. O

Remark 2.2 From [I2, Corollaries 5, 10] one can prove that ¢ € Co \ {qu; k > 0} and w(() are
simultaneously algebraic if and only if ¢ € Fg©.

2.2 The Carlitz module over the Tate algebra

The next definition is borrowed from [6]; it is a particular case of Drinfeld module over Tate algebras
studied there.

Definition 2.3 The Carlitz module over T, denoted by C(T), is the F,[t]-module T together with
the unique A[t]-module structure for which the action of 6 is given by the evaluation of the skew
polynomial 6 + 7.

For a € A[t], f € T, we denote by C,(f) the multiplication of f by a for this module structure.
Here is an example which illustrates this action: if f € T, we have Cy(f) = 0f + 7(f).

Definition 2.4 The Carlitz exponential function over T is the continuous, open, F,[t]-linear endo-
morphism exp, of T such that, for f € T,

expe(f) = 0,

i>0

where dy = 1 and d; = (qu —0)d ;.



Since the restriction of expr to Coo C T gives the usual Carlitz exponential function from Cs
to Cs, which is entire and surjective, the function exp, : T — T is itself surjective. Moreover, for
all a € Aft] and f € T, we have the identity

Calexpc(f)) = expe(af).

Now, exp induces an isometric F [¢]-linear automorphism of the Fy[t]-module { f € T; || f|| < g1},
Hence, if an element f belongs to the kernel of exp, it must be a polynomial in ¢. The knowledge
of the kernel of exp¢ : Coo — Co finally yields (cf. [6] §3.2.1]):

Lemma 2.5 The Carlitz exponential function gives rise to the exact sequence of A[t]-modules:
0— 7A[t] - T — C(T) — 0.

It is easy to show that the kernel of the F,[t]-linear endomorphism C;_g =t — Cy of T is the free
F,[t]-module of rank one generated by p = expo (%) In particular, this element of T is solution

of the 7-difference equation . Since also w is a solution of that equation and both w and p are
units in T, this implies that w € F ;. Comparing the values of both functions at ¢ = 0, we obtain

that w = p, that is (cf. [12] §4]),
But for all n > 0 the operators D,, and 7 commute, and we also have
T

2.3 An analytic identity

In order to prove Theorem we need to slightly generalize the identity .
For ¢ € Fa of degree d, we introduce the series:

wit+¢) =) S eT

7>0

where

with ¢ = exp(7/p" 1) € Koo(T).

Proposition 2.6 (Analytic identity) Letp be a prime of A of degree d, let (, be one of its roots
inFya. Let P(t) € At] be defined by P(t) = p(6 —t). Then, for alln > 0, there exists a polynomial
B, € Aft] \ PA[t] such that the following identity in T holds:

- Ca (expc Pn+1 | n—1d—1 .



where A(d) denotes the set of non-zero polynomials of A of degree < d — 1, and where

d—1 i J i j
M»—_Ht_t“’@g —G N ) Di(at +¢ )
J B i ,j — .

=1 t—t9 +<P7<g (ZGA(d) a(t+<P)

Proof. Let (1,...,(q be the zeros of p, and let us set ¢, = (;. It is easy to show that there exists a
polynomial B,, € A[t] \ PA[t] such that
d
By, 1
pn+l ; (9 —t— Ci)n+1 :

We now apply the operator exp.(7-) to both sides (we note that all the terms involved are elements
of T). We get the following identity in T:

*B d 7
n
=1

We claim that if f is an element of T, then

d d
Z expe (f)(t+ ) = expe (Z flt+ Q)) :

=1

This comes from the fact that for all £ > 0,

d d

SN+ G =7 D+ G)

=1 j=1

Applying the claim, we get the identity

3D, e = expe () (12)

i=1

Let p € Gal(Fya Ko (7)/ Koo (7)) be the unique element of order d such that p(¢) = ¢9 for all
¢e qu.
We consider the Fgq4-linear endomorphism

F=ploT:FuKo(7) = FuKo(7), (13)

which satisfies |7(z)| = ||? for all z € FjaKo(7). Let us consider the i Ko (7)-algebra Tg oo
whose elements are the series Y, ¢;t* of T such that the coefficients ¢; belong to Fya Koo ().

We extend 7 to an Fa[t]-linear endomorphism of Tj.. We endow Ty with the unique
structure of I a[f]-module 5(11’(1,00) determined by Cyp(z) = 0z + 7(z) for = € Tyoo (here, Co(x)
denotes the (left) multiplication of x by a € Fga[f] for this module structure). If a € A and

Co = Y isola)it" with (a); € A, then C, can be viewed as the skew polynomial > isola)i™', in
powers of 7, which can be evaluated at elements of Ty oo; if f € Tg.00, Co(f) = Zizo(a)ﬁi(f).



It is clear that we € Ty (here, ¢ = (3 = (). We observe that

;(wg) =({t+C— 0)(,04. (14)

This implies that, for all a € Fa[6],
5a(w4) = a(t + Q)uwe. (15)

Since the operators D,, (n > 0) and 7 commute over T4 o, we have that CN'a oD, =D,o CN'a
and we infer that

Ca(Dnlwe)) = Y Di(we) Dp—ialt + Q). (16)

=0

Moreover, if Tr denotes the trace map of Fja K (7) over K (), one sees that, over F a Ko (7):
TrOC~'a =C,oTr, acA.

Applying C, to both left- and right-hand sides of 7 we get the identity
n—1 d

gatw (o6 + 303 Dacslalt + GDeles) = ca(expc(]fﬁﬁ)). an

In the above identity, we divide by a(t +(,) and we sum over A(d). The coefficient of D,,(w¢,) that
we obtain is —1. The coefficient of D,,(w¢,) with i = 2,...,d is equal to

a(t +G)
anA%d) a(t+¢p)

To factorize it, we use the following formula in F,(X,Y") whose proof is easy and left to the reader
(X,Y are two indeterminates):

aX) S X-Y7
2 a(Y) __E Y —vyd

acA(d)

Replacing X with t + ng and Y with ¢ + ¢, we obtain M;. The proposition follows at once. 0
Remark 2.7 It may be interesting to note that, for ¢ € Fja, we = expgs (9%74), where

expa(f) =Y D7 (f) € Taeo
i>0

for f € Ty o0, but we will not make use of this property so we omit the proof.



2.4 Gauss-Thakur sums

We recall that Thakur established several analogues of classical results about Gauss sums such as
Stickelberger factorization theorem and Gross-Koblitz formulas and others (see for example [15,[17]).
Let p be a prime of A = Fy[f] of degree d. We write

Ap = €xXpg (;T) .

We denote by K, the p-th cyclotomic function field extension K()\,) of K in C,. We refer the
reader to [I3, Chapter 12] for the basic properties of cyclotomic function fields. We recall here that
the integral closure Ok, of A in K, equals the ring A[\,].

The extension K, /K is cyclic of degree g®—1, ramified in p and 1. Tt is in fact totally ramified
in p and the decomposition group at §~! is isomorphic to the inertia group, therefore isomorphic
to . We denote by A, the Galois group Gal(K,,/K). Since the constant subfield of K, is Fy, A
is canonically isomorphic to the Galois group of the extension F .« K, /F K (if F,G are subfields
of Co,, we always denote by F'G their compositum).

There is a unique isomorphism (Artin symbol, [8, Proposition 7.5.4])

o:(A/pA)" — A,

such that
ga(Ap) = CalAp).

Once a choice of a root ¢, of p is made, the Teichmdiller character (see [8, Section 8.11]) induces
a unique group isomorphism
19]3 : Ap — ]F;(li

defined in the following way. If § = 0, € A, for some a € A, then
D (6) = a(Gp)- (18)
For any finite abelian group G, we shall write G for the group Hom(G, (F3°)*). In particular,
Oy € A,

Definition 2.8 For j = 0,...,d — 1, the basic Gauss-Thakur sum g(ﬁgj) is the element of C.
defined by:

g8y = = 37 9,57 6(N,) € Fpal][Np):
sen,

The same sum is denoted by g; in [8, [15]. For our purposes, we will only need to work with g(2J,).
By [15, Theorem I}, g(¥¥,) is non-zero and for all 6 € A,, we have:

5(9(0p)) = V5(0)g(y)- (19)

In the next theorem, p’ denotes the derivative of p with respect to 6.

Theorem 2.9 We have the following identity:

9(0) = ()" w(G).



Proof. We use some ideas of the proof of Thakur’s result [I5, Theorem II]. Let
sgn : F,a((1/6))* — qud

be the unique group homomorphism (sign function) such that sgn(f) = 1 and inducing the identity
map over qud. Then by [I7, Theorem 2.3], we have:

sgn(g(Up)7 ") = Vp(op) ™ =p"(G) 7"
In virtue of , sgn(A\g7 ') = 1. Therefore: sgn(g(9,)(—0)"*/(@ V) = p/(¢,)~'. Now, by [I5
Theorem IV], we have |g(z9p)(79)_ﬁ| =1, so that

9 -
900y
(-0)™
By the proof of [I5, Theorem II] (see Equation (3) there) or by the fact that 7(z) = Cy(z) — 0z

J

for all x € T, we have that g(ﬁgrl)q = (¢ — H)g(ﬁgj). Moreover, p(g(ﬁgrl)) = g(v§ ) where p is
defined just before . Therefore, we get, with 7 defined as in :

7(9(0p)) = (¢p — 0)g(Ip)-

Iterating, this implies that for all n > 1,

O TC/ N N e
o () - o T (- ) oo

<1 (20)

But:

and, thanks to (20)),

The Theorem follows. ]

Remark 2.10 It can be proved that Theorem [2.9] actually implies the functional identity (). The
proof runs along essentially the same lines of the proof of [5 Theorem 1] and we omit the details.

3 Proofs of the main results

Let p be a prime of A of degree d. We set

%
)\pn+l = €XpPco (pnﬂ) s n Z 0

and we denote by Kyn+1 the field K(Apn+1). We recall [13, Proposition 12.7] that the extension
Kyni1/K is a Galois extension of degree e, = g% (q? — 1), unramified at each prime distinct from



p and totally ramified at p. Moreover, Gal(Kp+1/K) is isomorphic to (A4/p"*1A) . The prime
ideal above p is Apnt1 A[Apn+1], (A[Apn+1] is the ring of integers of Kyni1). Let ¢, € Fya be any root
of p. Foralln >0 and j =0,...,d — 1, let us denote by Q; 41 the prime ideal of F a[0][Ayn+1]
which lies above 6 — ng. Let vj, : FgaKynt1 — 7Z be the valuation associated to the ideal Q;n41,

normalized by vj,n(C.?.’] — 0) = ey, so that we have v;,, = qdvjyn,l over [FaKyn for all n > 0.

Lemma 3.1 Let p be a monic irreducible element of A of degree d and let n be an integer > 0. Let
p € FpaKyni1 be such that vo,(p) =1 and vj (i) > 1 forj=1,...,d—1. Then K(p) = FgaKgni1.

Proof. Since FjaKpni1/K is an abelian extension, K(u)/K is also an abelian extension. Let j €
{1,...,d—1}. Then, there exists o € Gal(F;a Kyn+1/K) such that v; ,(o(p)) = 1 and vy n(o(u)) > 1
for k € {0,...,d — 1}, such that k # j. Thus Fja Kynt1/K(p) is unramified at the primes above p

and for distinct k,j € {0,...d — 1}, vjn|x () 7# Vk.nlx () This implies K (u) = Fga Kyni1. ]
By the fact that ¢, — 97 = ((gdij — 6)7, we notice that:
V0. (ba(€)) = €ny  Va—km(ba(Q)) = ¢ en, k=1,....d—1. (21)

Corollary 3.2 We have that

K(g(0p)) = K(w(Gp)) = Fa Ky
Proof. This follows from Theorem [15, Theorem IV], and Lemma O

Theorem [1.1] will be deduced from the next generalization of Corollary

Theorem 3.3 For all n > 0, we have

K(Dp(w)(p)) = FgaKynsr.

Proof. The case n = 0 is dealt in Corollary Let us now consider the case n > 0. We first
replace ¢t = 0 in the identity of Proposition Since the fractions M, vanish at ¢t = 0 we get,
for some b,, € A\ pA and with our choice of root ¢, of p:

n—1d—1
D (w)(Gp) = — Z (CP) Cab, (Apn+1) ZZNn k.5 (0 )(Cp ) (22)
acA(d) k=0 j=0

We show by induction over n > 0 that D, (w)(¢p) € Fya[0][Agn+1] and that

00,n(Dn(@)(G)) =1, and 04— (Dn(w)(p)) = ¢, k=1,...,d 1. (23)

Let us assume that for an integer n > 0, we have proved this property for i = 0,...,n — 1. By
(7) we obtain that D,,(w)(¢p) is an algebraic integer. The identity (22), the fact that the extension
FyaKyni1/K is abelian, and the induction hypothesis, tell us that K (D, (w)(¢p)) C FyaKgni1. We
observe on the way, by @ and induction, that

o (K(Dn(w)(Cp))) = K(Dn(w)(a(¢p))) = K(Dn(w)(Gp)), 0 € Gal(Fga Kynir [ Kpnir).

10



The induction hypothesis also says that vo (D1 (bg)(Cp)Dn—1(w)(¢p)) = ¢ for all j =2,...,n and
V0,0 (Dn—j(w)((p)) > ¢+ In particular, the element &, € FjaK,» defined in with ¢ = ¢,

satisfies vg ,(£,) = ¢%. In a similar way, one proves that vg_kn(¢,) = ¢@™*, for k =1,...,d — 1.
This gives and it remains to apply Lemma to conclude the proof. 0

Remark 3.4 The proof of Theorem goes in the same direction of [I5, Theorem IV], which
corresponds to the case n = 0.

Proof of Theorem (1.1, By Hayes [, Theorem 7.1], the field E is the compositum of Fg¢ and the
fields Kyn+1 for n > 0, where p runs through the primes of A. Theorem then follows from

Theorem ]

Proof of Corollary[1.3 In view of Theorem it suffices to show that if p is a prime of A of degree
d and if ¢, is a root of p, then, for n > 0,

K7 'Dp(2)(¢p)) = FpaKpn+r. (24)

By and by the fact that D, and 7 commute, we observe that v, = D,((t — 0)w)((y) =

Dn(w)(cgd“)q. By Theorem K(v,) C FuaKpnr. If K(v,) # FpaKyns1, the extension
FyaKyn+1/K(vy,) would be purely inseparable. But this is impossible since FaKyn+1/K is a sep-
arable extension. Hence, we have that K(v,) = F,aK,n+1. By Leibniz rule and by induction on

n > 0, we obtain:
1
(00 () ©) =R

and follows from . Now, Corollary follows from yet another application of [9, Theorem
7.1]. O

3.1 Compatibility with class field theory

We consider here the subring ring By oo C F,a Koo (7)[[t]] whose elements are the formal series which
converge in D° = {z € Cu;|z| < 1}. Let p be a prime of degree d and { = (, one of its roots.
We have, in particular, that we € By . We endow By o, with the Fgq [t]-linear extension of the
endomorphism 7 defined in (we keep the same notation).

Lemma 3.5 The subset of By o whose elements f are such that
T(f)=0t+C=0)f
is the free IFa[[t]]-module generated by we.
Proof. This is clear by and by the fact that the constant subring ]B%gfxlj ={f €Byo;7(f) = f}
is equal to Fa[[t]]. O

Let K be the maximal abelian extension of K in Cs, Let ¢ be in Gal(K®/F.K). The
actions of o and 7 over K“® commute. If we extend the action of o Fa[[t]]-linearly to K*[[t]], we
obtain, thanks to Lemma |3.5] a representation

pc : Gal(K®JFaK) — GL1 (F ,a[[t]]). (25)

11



—~ X —
We consider now the idele group Ix = K* X H; A, x KX, where A, denotes the completion

—~ X
of A at the place p and the product is the restricted one as usual (we denote by A, , KX etc. the
groups of invertible elements of the corresponding rings). We denote by

(K®/K): Ix — Gal(K*/K)
the global norm residue symbol. In the next proposition we compute (z, K% /K)(w.) for z € If.
We recall that vy : KX — Z is the oo-adic valuation normalized by veo(0) = —1.

Proposition 3.6 Let p be a prime of A of degree d and let ¢ be one of its roots. Let x be an
element of Ix. The following properties hold:

1. Ife=(..,1,2,1,...) with zo € K, then

(2, K /) (w¢) = 5g0(2)W, v (roe) -

2. Ife=(..,1Lzy,1,...) withay € Z;X and p #p', then (z, K/K)(w:) = we.
3. Ifw=(..1ap1,..) withw, €A, then
(2, K®/K)(we) = pe((w, K©/K))(we) = v(p) e,
where ¢ :4\,3 — Fya[[t]] is the unique continuous homomorphism of Fa-algebras determined

by ¢e(0—¢) =t.

Proof. 1. This follows from the fact that for all n > 0, any completion at a place above oo of
Fya K pnt1 is Koo-isomorphic to Fa Koo (7).

2. This is clear.
3. Let ¢¢ be the embedding IF,a[0] — Zl\p such that ¢ ((—0) € p:él\p. Identifying [F s A with its image

via t¢, we have ;1\,3 =TFa[[0 —(]]. Let u e Zl\px and let a € A, a = u~! (mod p™*1), then, by [11L
Theorem 5.5]:
(u, K% /K)(Agn+1) = Co(Apnta).

By and induction: -
(u, K/ K) (D (w)(€)) = Ca(Dn(w)(Q))-

This implies, by , that p¢((u, K%/K)) = 9¢(u)~! for all u € Zl\px. 0

4 Final remark

The element f =160 —-0®1 =1t—0 € T is the shtuka function associated to the Carlitz module C'
(see [8, Example 7.11.8]). We have observed in @ that w = —expa(7f~1) € T (note that f € T*).

For n > 0, we denote by AT (n) the set of monic polynomials a of A such that degy(a) = n. By
a variant of Anderson log-algebraic theorem ([12), §4], see also [6], §8]):

Y Y am'Cu(X) =loge(X),

n>0acAt(n)
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with X a variable in T, and where log(X) denotes the Carlitz logarithm, defined by || X|| < g7t
(the local inverse function at 0 of exp). This implies that log.(w) = Lw yielding (3)).

The shtuka function f specializes over F&¢ to Jacobi-Thakur’s sums (see [16] Theorem 1.2), and
as shown in the present paper (Theorem [2.9), w specializes over Fg© to Gauss-Thakur sums.

By a suitable variant of Anderson’s log-algebraic Theorem for sign normalized rank one Drinfeld
modules (Anderson, [T, Theorem 5.1.1] and [2, Theorem 3]) and with the use of the shtuka function
associated to such a Drinfeld module (connected to Jacobi sums thanks to Thakur’s [I6, Theorem
1.2]) it is conceivable to generalize , Theorem and Corollary to the more general setting
of A=T(X\ {00}, Ox), where X'/, is a smooth projective curve (geometrically irreducible) and
oo a chosen Fg-rational point. A. We hope to come back to this question in the near future.
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