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Commuting Variety
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Structure of C(g)
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Structure of C(g)
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Plan

e Sheets
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Definition
Let (H, V) be a representation and m € N. Let

VM .— {v e V|dimH.v = m}
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Definition
Let (H, V) be a representation and m € N. Let

VM .— {v e V|dimH.v = m}

The sheets of V are the irreducible components of the V(™)
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Sheets of a Lie algebras

Definition
The decomposition class of x = stnis ~ Lo Lo Comgpirn e
J(x) = G.{@’eg +n} =: J(5 2)
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Sheets of a Lie algebras

The decomposition class of x = s+ nis
J(x) == G{3(¢°)" + n} = J(1,0)

Theorem (Borho, Kraft, Im-Hof, Petersen)

© #{Dec. classes} < oo and dec. classes are locally closed
varieties, irreducibles and smooth.
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Sheets of a Lie algebras

The decomposition class of x = s+ nis
J(x) == G{3(¢°)" + n} = J(1,0)

Theorem (Borho, Kraft, Im-Hof, Petersen)

© #{Dec. classes} < oo and dec. classes are locally closed
varieties, irreducibles and smooth. IT HT.

® Ssheet= S =] qJand S =| s J- -
(3] J([1,01) C J([g,@g)reg = Ind[: (02) =0y L
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Sheets of a Lie algebras

The decomposition class of x = s+ nis
J(x) == G{3(¢°)" + n} = J(1,0)

Theorem (Borho, Kraft, Im-Hof, Petersen)

© #{Dec. classes} < oo and dec. classes are locally closed
varieties, irreducibles and smooth.

® Ssheet= S = |_|dec. cl. Jand § = l_ldec cl. J.
© J(11,01) C J(1,05) " & I”d[:(oz) = O;.

@® o Smoothness in classical types.
e 1 singular example for Go.
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Sheets of a Lie algebras

The decomposition class of x = s+ nis
J(x) == G.{3(e°)" + n} =: J(1,0)

Theorem (Borho, Kraft, Im-Hof, Petersen)

@ +#{Dec. classes} < co and dec. classes are locally closed
varieties, irreducibles and smooth.

® Ssheet= S=| 4. qJand S =]..q J-
© J(11.01) € J(l2, 02) 4 Ind}! (02) = Os.

@® o Smoothness in classical types. ,
o 1 singular example for G,. T/ 5/ 0) dewedn §

-4

e’\
=d, . (01) £ C
Sheets are classified by pairs (I,0) with Origidin LV ¢ <0 ¥ () (| odit
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Sheets of a symmetric Lie algebras g = go & g1

Definition
The decomposition class of x = s+ n € gy is /Ji Lo

Jeo (X) = Go{30:(0°) + 1} = Jgy (LOQ) 1, onbit |

|
S
Yo

Theorem (Tauvel, Yu, Lebarbier, Bulois (PhD))

@ +#{Dec. classes} < oo and dec. classes are locally closed
varieties, irreducibles and smooth.

® Ssheet= S=| |;. cl Jand S = | |, 4 J- (over C)
® J(11,01) C J(I2, 02) 7 & Indy (O2) = Oy

@® o Smoothness in classical types.
e 1 singular example for Go.

y

Sheets are classified by some pairs ([, ©) with O rigid in [. |
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Sheets of a symmetric Lie algebras g = go ® g1

The decomposition class of x = s+ ne€ gy is
JG()(X) = GO~{591 (QS)reg aF n} = JGO([) O)

.

Theorem (Bulois-Hivert [BH16])

© #{Dec. classes} < oo and dec. classes are locally closed
varieties, irreducibles and smooth.

@® Ssheet= S=|]4. 4 Jand S = | |j. o J- (Over K)
© Jg,(11,01) C g2, O2) ° & Indy} (02) = 0.

@® o Smoothness in classical types.
@ 1 singular example for Go.

Sheets are classified by pairs (I, O) with O rigid in [.
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L, =23

Go-e = Jg, (9, Go-€) C Jg, (12, 02) = Ind3(O2) = Go.e.

O
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Following Kostant, Slodowy, Katsylo, Im-Hof

Go.e = Jc.;o(g7 Go.e) C JGO(IQ,Og)reg 4 Ind[gz(Og) = Go.e.
s (e+U)N JGO([Q,OQ) #0
for some affine U — |,
TN e
U. .1

1 (@,l,ﬁ)c/{@%
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Following Kostant, Slodowy, Katsylo, Im-Hof
Gp.e = JGO(g, Go.e) C JGO([Q,Og)reg 54 lnd[i(Og) = Gy.e.

for some affine U

Work in Progress: (€ ) g ahdon.
— Algorithm to find rigid orbits =~ ¢ (e
f\ e + U
o veheg Ga Fel o0 o
— Algorithm for induction? ) ° o T ™
R A,
: A Tu o)
p— 6 é _ N
_—

— Geometry of sheets G
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© Hilbert schemes
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Definition
The Hiloert scheme (of n points in 42) is the scheme Hilb"(A?)
represented by the functor ¥ r(%k’

H"(S) := {Z c A% x S} ( ) flat, surjective of degree n}

Case S = Spec(C) -E%U(acm i am

fﬂﬂ(}“(ﬂ)-{z «L-Ju,wq/ﬂ\ bﬂ'é(z):mf
e.g. Zap = Spec(Clx, y1/(x?,y?, xy, ax + by))

) ZZ :
Vyymr&gt/ m(ﬂo)
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Hilb Hilb" Hilb§ Hilb"-< <Mk | Hilpg's s
¢ C(aln) C™(gly) Clr) C™(p)
G GL,, GL,, P P
reference | Nakajima | Baranovski Bulois — Evain
1999 2001 2016
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Hilb Hilb” Hilbg Hilp™S <Mk Hilbg‘\“'\”k
C Clal,) | C™(gln) C(p) C™(p)
G GL, GL, 2 P
reference || Nakajima | Baranovski Bulois — Evain
1999 2001 2016

Let C, Hilb and G be as in Table. Ty .
v C

T Vc(ﬁév)" {({:_7\\'\//) / v 07.:/(»'6 fan (,,(/y)
f‘?c (%g’?‘):

Then
@ Hilb = C%°/G.
@ Set theoretically Hilb = C%°/@, inducing a bijection between

* { irr. comp. of Hilb of dim. m }
x { irr. comp. of C¥° of dim. m + (dim G — n)} .C Y( i o ,,( € ;

{{%,7>/9 V W‘-‘Z“ f”" /m/?,;
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Chain for the study of Hilbg1<...<nk
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Theorem (BB19)
Classification of all parabolics with #{P-orbits in p™} < +oo0.
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Theorem (BB19)

Classification of all parabolics with #{P-orbits in p™} < +oo0.

© In these cases, dimC"(p) = dimp — 1 and
dim Hilbg! S <™ =y — 1.
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Theorem (BB19)

Classification of all parabolics with #{P-orbits in p"} < 4-ooc.

© In these cases, dimC"(p) = dimp — 1 and
dim H.|b”§§” = [y — 1.

O lfipis max‘h;al gérébol|c 6 < n} <'np — 6, then dim Cc"(p) > dimp
R «and dim Hilbg""™ > ny.
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Theorem (BB19)
Classification of all parabolics with #{P-orbits in p} < +oo.

© In these cases, dimC"(p) = dimp — 1 and
dim Hilbg! S <™ =y — 1.

® If p is maximal parabolic, 6 < ny < n, — 6, then dimC™(p) > dimp
and dim Hilby""™ > n,.
® C(p) might be reducible, even for p maximal parabolic.
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Tools of the proof

There is a bijection

with dimension vector (nq, ..., Nk),

{P—orbits in p™ } AL satisfying the relations
Bit1aj = aifj,each f; is nilpotent,

and each «; is injective.

[1; GL,-orbits of representations of Qg }
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