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Abstract. This paper addresses the problem of learning a statistical dis-
tribution of data in a relational database. Data we want to focus on are
represented with trees which are a quite natural way to represent struc-
tured information. These trees are used afterwards to infer a stochastic
tree automaton, using a well-known grammatical inference algorithm.
We propose two extensions of this algorithm: use of sorts and general-
ization of the infered automaton according to a local criterion. We show
on some experiments that our approach scales with large databases and
both improves the predictive power of the learned model and the con-
vergence of the learning algorithm.
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1 Introduction

For many years, the use of relational databases is continually increasing in all do-
mains of activities. Companies want to store more and more information in their
databases and their activities now really depend on them. It is now well known
that a large amount of knowledge may be hidden inside these large databases.
That is the reason why machine learning and knowledge discovery in databases
have known a fast expansion during the last decade.

Most of existing techniques work on a flat representation of the database,
that is on one table built from a join on multiple tables [9, 2, 20]. Unfortunately,
flattening data leads to lose some information since each example must have the
same representation. A few attempts have been made to learn from databases
without flattening data [12, 10, 16]. That leads to the emergence of an active field
of research, called multi-relational learning [11]. For example the ILP framework
[21] allows learning from a representation of the database as a subset of first order
logic, keeping the structuring of data. [13] proposed the concept of probabilistic
relational models that extends the standard attribute-based Bayesian network
representation to take into account the relational structure on different entities.

Our approach can be placed in the same context. We try to collect in a tree
all the information relative to each example. This is done using relations between
tables. This kind of representation is quite natural and allows to have trees of
variable size for various examples, depending on the information we have about
them. In this paper we present a method for learning a distribution of data stored
in a particular table of a relational database, taking into account the related
information stored in other tables. Our method follows several steps. We first
generate a learning sample containing one tree per record of the table we want
to focus on. Then we infer a stochastic tree automata following the distribution
of the learning sample. We improve the inference algorithm proposing the use of
sorts during the inference, and introducing a local generalization technique. We
illustrate the relevance of these two contributions on some experiments.

The paper focuses on grammatical inference aspects of this approach. We first
present the generation of trees from a relational database. Then we define the
inference of stochastic many-sorted tree automata and we introduce generalized
tree automata. Finally we evaluate our approach on a relational database of the
PKDD’01 discovery challenge [4].

2 Capturing the information in a tree

A relational database stores information about multiple entities. In order to
learn some knowledge from one entity of the database, we focus on a particular
table that we call the root table. We use a tree structure to capture in a tree
all the information related to one row of the root table. The basic idea to build
such a tree is to generate a root node labelled with the name of the root table.
Then for each attribute value of the row we construct a subtree. The process
computes recursively the subtrees corresponding to foreign keys. For example
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we may want to discover some knowledge about products stored in the database
relying on the schema of figure 1.

Customers
customer_id

name

town_id

godfather

products_id

Products

date

price

customer

Towns
town_id

name

Fig. 1. Example database

If the database contains data of figure 2, the information related to the
product 1 is represented by the tree of figure 3.

Products

product id date price customer

1 11/11/2001 120 2

... ... ... ...

Customers

customer id name town id godfather

1 Jones 2

2 Smith 1 1

... ... ... ...

Towns

town id name

1 hills

2 city

... ...

Fig. 2. Data example

11/11/2001 120 Customers

Smith Towns

hills

Products

Jones Towns empty

Customers

city

Fig. 3. Generated tree

To present the algorithm which computes the generation of trees we introduce
some notations. We consider a database T with n tables T1, . . . , Tn. Each table
is made up of a set of attributes A(Ti) = {ai1 , . . . , ain(i)

} where n(i) is the
number of attributes of the table Ti. We denote Ti.aik

the attribute aik
of the

table Ti. We define the set of foreign keys F (Ti) = {ai1 , . . . , aim
} such that

F (Ti) ⊆ A(Ti) and each aik
∈ F (Ti) is a reference to an attribute Tj .ajl

(what
we denote Ti.aik

: Tj .ajl
).
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Algorithm 1 describes the construction of a tree associated with one row
of the root table. For example the tree of figure 3 is obtained calling Gener-
ate tree(Products, product id, 1).

Generate tree(Ti,target attribute,value)

Result: Node
begin

p1, . . . , pn(i) ← SELECT ai1 , . . . , ain(i)
FROM Ti

WHERE Ti.target attribute=value

N ← Ti(p1, . . . , pn(i))
foreach aik

∈ F (Ti) such that Ti.aik
: Tj .ajl

do

pk ← Generate tree(Tj, ajl
, pk)

end

Return N
end

Algorithm 1: Tree generation

A bias language, that we do not detail here, allows us to control the generation
of trees. A SQL query can be specified to select only a part of rows of the root
table. We may ignore a subset of attributes of each table. We can also bound
the depth of trees to avoid infinite trees.

Generating trees from the database produces a training set of trees represent-
ing a concept stored in the database. Based on this set we now aim at learning
a probabilistic tree grammar represented by a stochastic tree automaton.

3 Inference of stochastic tree automata

Tree automata [15, 8] define a regular language on trees as finite automata de-
fine a regular language on strings. Note that we consider ordered trees, that is
trees where left to right order between siblings is significant. Stochastic tree au-
tomata are an extension of tree automata which define a statistical distribution
on the tree language recognized by the automata. Learning tree automata has
received many attention for some years. For example [14] and [19] proposed some
algorithms for learning tree automata. In the probabilistic framework, [23] pro-
posed a framework for inducing probabilistic grammars. In the context of tree
automata, [6] proposed an efficient algorithm to learn stochastic tree automata.
[1] dealt with learning stochastic tree grammars to predict protein secondary
structure. [22] presented a generalization of k-gram models for stochastic tree
languages.

Our inference procedure is an extension of [6], that takes sorts into account,
defining stochastic many-sorted tree automata (SMTA). We briefly present SMTA
before their inference procedure.
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Definition 1 A signature Σ is a 4-tuple (S, X, α, σ). S is a finite set whose
elements are called sorts. X is a finite set whose elements are called function
symbols. α is a mapping from X into IN . α(f) will be called the arity of f . σ is
a mapping from X into S. σ(s) will be called the sort of s.

Note that in our approach the signature is learned from the learning sample
using a basic procedure [3]. A symbol a appears at position (f, n) if it is the nth

argument of a tree constructed on the symbol f . We define equivalence classes
in the following way: two symbols are equivalent if they appear at least one time
at the same position. A sort is then associated with each equivalence class.

A set of sorted trees can be recognized by a stochastic many-sorted tree
automaton.

Definition 2 A stochastic many-sorted tree automaton is a 5-tuple (Σ, Q, r, δ, p).
Σ is a signature (S, X, α, σ). Q = ∪s∈SQs is a finite set of states, each state
having a sort in S. r : Q −→ [0, 1] is the probability for the state to be an ac-
cepting state. δ : X × Q∗ −→ Q is the transition function. p : X × Q∗ −→ [0, 1]
is the probability of a transition.

A SMTA parses a tree using a bottom-up strategy. A state and a probability
are associated with each node of the tree. The labelling of each node is defined
by the transition function. The tree is accepted if the probability of its root node
is strictly positive. Given a SMTA A, the probability of a tree t is computed as
follows:

p(t | A) = r(δ(t)) × π(t)

where π(f(t1, . . . , tn)) is recursively computed by:

π(t) = p(f, δ(t1), . . . , δ(tn)) × π(t1) × · · · × π(tn)

1.0 : a −→ q1

1.0 : b −→ q2

0.5 : f(q1,q2) −→ q3

0.5 : f(q1,q1) −→ q3

1.0 : g(q3) −→ q4

Final state : r(q4) = 1.0

1.0

1.0

1.0

q2
0.0

0.5
q1

0.0

q3
0.0 1.0

q4

0.5

f

f
b

a

g

Fig. 4. An example of stochastic tree automaton

Example The automaton defined on figure 4 recognizes the tree t = g(f(a, b))
with the following probability:

p(t|A) = r(δ(g(f(a, b)))) × π(g(f(a, b)))

= r(q4) × p(g, δ(f(a, b))) × π(f(a, b))

= r(q4) × p(g, q3) × p(f, δ(a), δ(b)) × π(a) × π(b)
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= r(q4) × p(g, q3) × p(f, q1, q2) × p(a) × p(b)

= 1.0× 1.0 × 0.5× 1.0 × 1.0

= 0.5

We are interested in producing consistent SMTA. Such automata define a
statistical distribution over all trees built on a given alphabet. Therefore we
have to ensure the sum of the probabilities of all these trees equals to one.

Algorithm 2 gives an idea of the main steps of inference. We do not detail
the procedure here, the interested reader may refer to [6]. The input of the
algorithm is a training set S of trees and the output is a SMTA which respects the
distribution over S. The algorithm computes the transition function considering

Data: S: a training set,
Σ = (X, S, σ, α): a signature

Result: A = (Σ, Q, δ, p, r): a SMTA

begin

W ← Subtrees of S

States← ∅
while W 6= ∅ do

x← g(t1, . . . , tn) = min W

W ←W\{x}
if ∃y ∈ States | σ(x) = σ(y) and comp(x, y, α) then

δ(g, [t1], . . . , [tn]) = y

else

States← States ∪ {x}
δ(g, [t1], . . . , [tn]) = x

end

end

compute probabilities(S, δ, p, r)

end

Algorithm 2: Inference of a SMTA

all the subtrees of the training set. A total order is defined on subtrees comparing
their depth. Each subtree is mapped to a state, taking into account the fact that
if two subtrees are similar in the training set, then they have the same state. We
denote [t] the state mapped to the subtree t. To compute the similarity of two
subtrees (comp function), the algorithm uses a statistical test [18] depending
on a parameter 0 ≤ α ≤ 1 . Intuitively α represents a tolerance parameter for
the merging of two trees on a same state. The probabilities are then computed
counting the subtree occurrences on the training set. The algorithm has the
following properties: it is polynomial in the number of different subtrees of the
training set, it infers a consistent automaton [7], and it converges to the limit
under the Gold paradigm [17].
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As we consider many-sorted trees, the algorithm only computes the similarity
of subtrees built from symbols of same sort. Thus using sorts speeds up the
convergence of the algorithm and improves its predictive power as experimentally
shown in section 6.

4 Generalization of SMTA

A SMTA generalizes examples of the learning sample. Nevertheless, it is possible
to generalize even more. Actually, looking at the transition rules of a learned
SMTA, we may observe local regularities. For example if we consider Rf,q, the
set of all rules of the form f(q1, . . . , qn) → q:

Rf,q = {f(q1, q2, q3) → q, f(q1, q4, q3) → q, f(q1, q5, q3) → q}

Here we can see that whatever the state at position (f, 2) is, we reach the
state q given that q1 is in position (f, 1) and q3 is in position (f, 3). Therefore
we would like to generalize these three rules in the rule f(q1, X, q3) → q. This
leads us to introduce generalized stochastic many-sorted tree automata which
locally generalize SMTA. Note the α parameter of the inference algorithm is set
globally and thus cannot have the local effect we described above.

4.1 Generalized SMTA

Definition 3 A generalized SMTA is 6-tuple (Σ, Q, δ, p, r, V ). Σ = (S, X, σ, α)
is a signature. Q is a finite set of states, each state having a sort in S. r : Q →
[0, 1] is the probability for a state to be an accepting state. δ : X×{Q∪V }∗ → Q

is the transition function. p : X × {Q ∪ V }∗ → [0, 1] is the probability of a
transition. V is a set of variables such that V ∩ X = ∅.

The parsing of a tree with a generalized SMTA is similar to the one performed
by a SMTA. It processes a tree using a bottom-up strategy, trying to label each
node with a state. A variable stands for any state or any unrecognized state. In
our framework, the parsing is deterministic. If two rules or more can be used,
we choose the one of highest probability.

Given a generalized tree automaton A, the probability associated with a tree
t = f(t1, . . . , tn) is defined by:

p(t | A) = r(δ(t)) × π′(t1) × . . . × π′(tn)

where π′ is recursively computed by:

π′(t) = p(f, δ(t1), . . . , δ(tn)) × ν1(π
′(δ(t1))) × . . . × νn(π′(δ(tn)))

where

νi(b) =

{

1 if δ(ti) instantiates a variable
b otherwise
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Example Let A be the generalized automaton defined by:

f(q1, X, q2) → q3 : 0.4 a → q1 : 0.2
b → q2 : 0.1 r(q3) = 1.0

The probability associated with the tree f(a, f(a, b, c), b) is:

p(f(a, f(a, b, c), b)|A) = 1.0× 0.4 × 0.2× 1.0 × 0.1 = 0.008

4.2 Generalization algorithm

We propose a method to generalize a stochastic tree automata A according to
a parameter γ (0 ≤ γ ≤ 1). The idea consists in locally generalizing the tree
automaton by replacing a set of rules Rf,q with more general rules.

Definition 4 Let r1 and r2 be two rules: r1 = f(x1, . . . , xn) → q and r2 =
f(x′

1, . . . , x
′
n) → q′ such that xi ∈ Q ∪ V and x′

i ∈ Q ∪ V . r1 is more general
than r2 (we note r1 > r2) if and only if there exists a substitution θ such that
f(x1, . . . , xn) θ = f(x′

1, . . . , x
′
n). We say that r1 subsumes r2.

Definition 5 A rule r is called a generalized rule if there exists a rule r’ in Rf,q

such that r > r′.

This generalization relation defines an upper semi-lattice for each set Rf,q .
The upper bound is the rule containing only variables and the lower bounds are
the rules of Rf,q.

The lattice is traversed searching for the maximally specific general rules
having a score greater than γ. The score of a generalized rule is equal to the sum
of the probabilities of all less general rules.

Example Consider the set of rules Rf,q of a stochastic tree automaton:

f(q1, q2, q3) → q : 0.3 f(q1, q4, q3) → q : 0.3
f(q1, q2, q4) → q : 0.2 f(q5, q2, q3) → q : 0.2

The generalized rules having a score greater than 0.6 are:

f( , , ) : 1.0 f(q1, , ) : 0.8 f(q1, , q3) : 0.6
f( , , q3) : 0.8 f( , q2, ) : 0.7

As we only keep the maximally specific generalized rules, we only keep the rules
f(q1, , q3) and f( , q2, ) for state q and symbol f . Note that we use the sym-
bol ‘ ’ to denote any anonymous variable. The lattice associated with Rf,q is
represented on figure 5.

Algorithm 3 generalizes a SMTA. It first constructs a set of generalized rules.
In this set, some rules may subsume some others. In this case the more general
rule is deleted. When two generalized rules, reaching a different state, subsume
the same non generalized rule, one of the two general rules is deleted. Finally all
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q5,_,_ _,q4,_ _,_,q3 _,_,q4

q1,q4,_ q1,_,q4 _,q2,q3q5,_,q3 _,q2,q4 _,q4,q3q5,q2,_

q1,q2,q3 q1,q2,q4 q1,q4,q3q5,q2,q3

q1,_,_

q1,q2,_

_,_,_

selected rules

q1,_,q3

_,q2,_

Fig. 5. Lattice of generalization

the rules of the SMTA that are not subsumed by generalized rules are added to
the set of transitions of the generalized SMTA.

Then the probabilities of generalized rules are computed from their scores
using the function update probabilities. If a rule r of the initial automaton is
subsumed by n generalized rules r1, . . . , rn, its probability is shared among the
generalized rules. Therefore the score p(ri), 1 ≤ i ≤ n, must be updated adding
p(r)

n
− p(r).

Data: A = (Σ, Q, δ, p, rs): a SMTA
γ: a generalization parameter

Result: Ag = (Σ, Q, δg, pg, rs, V ): a generalized SMTA

begin

F ← ∅
foreach Rf,q such that q ∈ Q, f ∈ X, α(f) > 1 do

E ← { f(q1, . . . , qn) | f(q1, . . . , qn)→ q }
Ff,q ← find rules(E, γ)
F ← F ∪ Ff,q

end

F ← F\{r | r ∈ Ff,i, ∃r
′ ∈ Ff,j , i 6= j, r′ > r}

F ← F\{r | r ∈ Ff,i, ∃r
′ ∈ Ff,j , i 6= j, ∃d ∈ δ such that r > d, r′ > d}

F ← F ∪ {d ∈ δ |6 ∃r ∈ F, r > d}
pg ← update probabilities(F )
δg ← F

Return Ag

end

Algorithm 3: SMTA generalization
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The function find rules searches for all most specific rules of Rf,q with a
score greater than γ.

5 Experimental evaluation

We have evaluated our approach using a relational database in the medical
domain. The database was collected at Chiba University Hospital and stores
data about collagen diseases and thrombosis. The original version is available
on the UCI repository [4]. In this paper we use a more recent version of this
database proposed for the PKDD’01 discovery challenge1.

5.1 Perplexity

The evaluation of non-probabilistic models is often based on the classification
rate. Probabilistic models are rather assessed on their ability to correctly predict
the probability of a test sample. In this paper we evaluate the learned automata
by measuring the perplexity criterion.

In the case of tree automata, the quality of a model A can be evaluated by
the average likelihood on a set of trees S relatively to the distribution defined
by A:

LL = (
1

‖S‖

|S|
∑

j=1

log P (tj))

This is linked to the Kullback-Leibler divergence which compares the distribution
of an unknown target to a distribution evaluated on a training set [5]. A perfect
model can predict each element of the sample with a probability equal to one,
and so LL = 0. In a general way we consider the perplexity of the test set which
is defined by PP = 2LL. A minimal perplexity (PP = 1) is reached when the
model can predict each element of the test sample. Therefore we consider that
a model is more predictive than another if its perplexity is lower.

A problem occurs when a tree of the test sample cannot be recognized by
the automaton. Actually the probability of this example is 0 and the perplexity
cannot be computed. To avoid this problem we smooth the distribution of the
learned model. We define a universal (generalized) SMTA A0 with only one
state s. The probabilities of the rules are computed from the training set. If a
transition involves an unknown symbol, its probability is fixed to a small ratio of
the size of the training set. In the smoothed model, a tree t has the probability:

P̂ (t) = β.p(t|A) + (1 − β).p(t|A0)

where 0 ≤ β ≤ 1. The results presented below are computed with β = 0.9.

1 http://lisp.vse.cz/challenge/pkdd2001/
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5.2 Experimental results

The database is made up of seven relations. The table patient info stores informa-
tion about patients. The three tables antibody exam, ana pattern and lab exam
report laboratory examinations. The table thrombosis stores data about all
thrombosis attacks. The table diagnosis lists all diseases a patient is suffer-
ing from. Finally, the table disease includes all the diseases diagnosed at the
hospital.

The idea is to learn a distribution on the patient examinations, taking into
account information stored in other tables. Thus we focus our experiments on
the lab exam table. The table has 57542 records that we split into a set of 30000
trees and a test set of 17542 trees. 30000 trees are used during the training
phases and the remaining ones form the test set. For each perplexity measure
we consider five random learning samples of size 1000 to 30000. For each learned
model we assess the perplexity according to the size of the learning sample.

In a first series of experiments, we aim at measuring the benefit of sorts in tree
automata. For each training sample we represent examples either with trees or
many-sorted trees. This leads to learn either stochastic tree automata or stochas-
tic many-sorted tree automata. Figure 6 shows that perplexity is significantly
reduced when we used many-sorted trees.
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using sorts

Fig. 6. Contribution of sorts

In a second series of experiments, we measure the predictive ability of the
generalized SMTA comparing the one of SMTA. Let us recall the generalization
depends on a parameter γ. Figure 7 and 8 show the evolution of the perplexity
with various values of γ. In order to improve the readability we present these
results on four charts. We may observe that for some values of γ, the generalized
model performs better than ungeneralized one. First it improves the predictive
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power of the automaton and secondly it requires less examples to converge. These
two points seem to show the interest of local generalization.
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Fig. 7. Evaluation of the generalized SMTA

6 Conclusion

In this paper we have presented a grammatical inference approach to learn prob-
abilistic models on relational databases. This approach is based on the inference
of stochastic many-sorted tree automata. Experiments have shown our approach
is able to address large amount of data (up to 30000 trees which corresponds to
230000 records of the database). We have shown that incorporating sorts really
improves the efficiency of the learned automaton and speeds up the convergence
of the inference algorithm. Moreover we have proposed generalized stochastic
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many-sorted tree automata which locally generalize stochastic many-sorted tree
automata. The experiments have shown that this concept improves both the
predictive power of the learned model and the convergence of the learning algo-
rithm. We now aim at refining the local generalization studying various strategies
to select generalized rules and to compute their probabilities.
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