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Ais any N-homogeneous algebra

Fix a vector space V over a field k and an integer N > 2. Fix a
subspace R of V&N,
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Constructing the bimodule Koszul complex of A

For any p > 0, W, denotes the subspace of V®P defined by

Wo= (] V¥®Re V.
i+N+j=p
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For any p > 0, W, denotes the subspace of V®P defined by

Wo= (] V¥®Re V.
i+N+j=p

When N=2and A= S(V), W, X A" V.

For any N, one has W, = VEPif0 < p< Nand Wy = R.

only Wo=k, Wy =V, Wy = R, Wys1 = (R V)N (V@ R),...

are of interest in the construction. We set

v(e2p)=p'Nandv(2p' +1)=p'N + 1.
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The bimodule Koszul complex K(A)

d:A® Wy @A A W,,_1)® Ais defined by
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The bimodule Koszul complex K(A)

d: A W,p) @ A— A® W,p_1) ® Ais defined by
If p=2p +1, then

d(a®xi ... Xyn10d8) = aX1®X . .. Xy N41 @8 —aRX1 . .. Xy NOXprN414 -

If p=2p/, then

da®xi.. xynead)=

i=N—-1

/
ax{ ... Xi @ Xjiyq - - Xitp N-N+1 & Xitp N—-N+2 - - - Xp N .
i=0
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Defining HK,(A, M) for any A-bimodule M

The complex (M @ W,,(,), bk) is defined as follows :

bK M® W,j(p) - M® Wu(pf1)
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Defining HKP(A, M)

The complex (Homk(W,,), M), bk) is defined as follows :

bK : Homk(Wy(p), M) — Homk(Wy(pH), M)
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Koszul calculus for N-homogeneous algebras

e Koszul products
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Definition of the Koszul cup product

Forf: W, — Pand g: W, — Q, define
f\K/g: Wy(p+q)—>P®AQ
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Definition of the Koszul cup product

Forf: W, — Pand g: W, — Q, define
f\K/g: W, (p+q — P24 Q
if por g is even, then v(p+ q) = v(p) + v(q) and
(F 2 Q)X - Xu(prq)) = F(X1 - Xo(p)) @4 IXe(p) 11+ Xutpr)):

ifp=2p+1andg=2q9 +1,thenv(p) =p'N+1,v(q) =gN+1,
v(ip+q) =P N+gN+N=uv(p)+v(g)+N—-2and

(F )X Xpnrgnen) =

— Z X1 . ..X/f(Xi+1 .. -Xi+p’N+1)Xi+p’N+2---Xp’N+N—j—1
0<i+j<N-2

XA g(Xp’N+N—j c. Xp’N+q’N+N—j)Xp’N+q’N+N—j+1 oo« Xp' N+g' N+N-
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Definition of the Koszul cap products

Forf: W,py — Pandz=m® Xy...X,q) € M W,4 with g > p,
define

f/K\ Zc (P XA M) ® Wy(qu)
V4 /K\ fe (M®A P) & Wy(qu)

as follows.
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Definition of the Koszul cap products

Ifp=2p'+1and qg=2q,thenv(q) =v(g—p)+v(p) — N+2and

(f P z)=— Zogi+jgN—2

(Xq’N—p’N—N+i+2 o Xg'N—p'N—j—1 f(Xq’N—p'N—j c. Xq’N—j)

A Xg/N—j+1 - - XggN M X7 .. .X,') & Xit1 -+ - Xitg'N—p/ N—N+1
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Koszul calculus for N-homogeneous algebras

© Koszul calculus

Géomeétrie et Quantification IHP, March 11, 2019 12/22



Everything goes well !

Let A= T(V)/(R) be an N-homogeneous algebra. Let P and Q be
A-bimodules.
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Everything goes well !

Let A= T(V)/(R) be an N-homogeneous algebra. Let P and Q be
A-bimodules.

For any Koszul p-cochain f with coefficients in P and Koszul g-cochain
g with coefficients in Q, one has

~— pr— N~—r _— p ~—r
br(f = 9) = b (f) - g + (=1)°F - br(9)-
Thus we obtain a Koszul cup product on Koszul cohomology classes
o HKP(A, P) @ HK9(A, Q) — HKPTI(A P2, Q).

Claim : this product is associative. One can assume N > 2.
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Associativity on classes : a scheme of proof

For Koszul cochains f, g and h, we define their associator
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as(f,g,h)=(f7;9)\,gh—f7(g7h)-
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Associativity on classes : a scheme of proof

For Koszul cochains f, g and h, we define their associator

as(f,g,h)=(f7;9)\,gh—f7(g7h)-

1) lfv(p+q+r)=v(p)+v(q)+v(r), then as(f, g, h) = 0.
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Associativity on classes : a scheme of proof

For Koszul cochains f, g and h, we define their associator

as(f,g,h) = (f = g) < h—1 - (g h).
1) Ifv(p+q+r)=v(p)+v(q)+v(r), then as(f,g,h) = 0.

2)p=2p,9g=2q9 +1,r=2r'+1:as(f,g,h) =0if fis a cocycle.
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Associativity on classes : a scheme of proof

For Koszul cochains f, g and h, we define their associator

as(f,g,h)=(f7;9)\,;h—f7(g7h)-

1) lfv(p+q+r)=v(p)+v(q)+v(r), then as(f, g, h) = 0.

2)p=2p,9g=2q9 +1,r=2r'+1:as(f,g,h) =0if fis a cocycle.
Yyp=2p+1,9g=2q9,r=2r'+1:as(f,g,h) =0if gis a cocycle.

4p=2p+1,9=2q9 +1,r=2r:as(f,g,h) =0if his a cocycle.

5 p=2p+1,g=2q9'+1,r=2r"+1:as(f,g, h) =0 is always a
coboundary.
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A non-associative example at the cochain level

A is the generic AS-regular algebra of global dimension 3, cubic, of
type A, defined by complex parameters a, b and c.
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A non-associative example at the cochain level

A is the generic AS-regular algebra of global dimension 3, cubic, of
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A is defined by two generators x and y and two cubic relations ry = 0
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ri = ay?x + byxy + axy? + cx3, r» = ax®y + bxyx + ayx® + cy®.

Géomeétrie et Quantification IHP, March 11, 2019 15/22



A non-associative example at the cochain level

A is the generic AS-regular algebra of global dimension 3, cubic, of
type A, defined by complex parameters a, b and c.

A is defined by two generators x and y and two cubic relations ry = 0
and r» = 0 where

ri = ay?x + byxy + axy? + cx3, r» = ax®y + bxyx + ayx® + cy®.

We know that W, = Cw, where w = xry + yr».

Géométrie et Quantification IHP, March 11, 2019 15/22



A non-associative example at the cochain level

A is the generic AS-regular algebra of global dimension 3, cubic, of
type A, defined by complex parameters a, b and c.
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A non-associative example at the cochain level

A is the generic AS-regular algebra of global dimension 3, cubic, of
type A, defined by complex parameters a, b and c.

A is defined by two generators x and y and two cubic relations ry = 0
and r» = 0 where

ri = ay?x + byxy + axy? + cx3, r» = ax®y + bxyx + ayx® + cy®.
We know that W, = Cw, where w = xry + yr».

f,g,h: V — Aare the Koszul 1-cochains defined by f(x) = g(x) = x
and h(x) = 1 for x € V. We are in Case 5 of the previous proof.

Then as(f, g, h)(w) = (a— b)(xy — yx)(x — y) is not zero in A.

Géométrie et Quantification IHP, March 11, 2019 15/22



Koszul calculus for N-homogeneous algebras

e Fundamental formulas of Koszul calculus
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The fundamental 1-class

The Koszul 1-cocycles f : V — M are linear maps satisfying
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The fundamental 1-class

The Koszul 1-cocycles f : V — M are linear maps satisfying

Z X1 ... Xif(Xiz1)Xizo ... Xy =0
0<i<N—1

forany xq...xyin R.
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The fundamental 1-class

The Koszul 1-cocycles f : V — M are linear maps satisfying

Z X1 ... Xif(Xiz1)Xizo ... Xy =0
0<i<N—1

forany xq...xyin R.
Then f extends to a derivation Dy : A — M. And conversely.

The Euler derivation D : A — A defined by D(a) = paif a € A, restricts
to a Koszul 1-cocycle e4: V — A, X +— X.
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The fundamental 1-class

The Koszul 1-cocycles f : V — M are linear maps satisfying

Z X1 ... Xif(Xiz1)Xizo ... Xy =0
0<i<N—1

forany xq...xyin R.
Then f extends to a derivation Dy : A — M. And conversely.

The Euler derivation D : A — A defined by D(a) = paif a € A, restricts
to a Koszul 1-cocycle e4: V — A, X +— X.

If V # 0, the class ey is not zero and is called the fundamental 1-class
of A.
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The fundamental formulas

For a p-cochain f : W, ;) — P and a g-cochain g : W) — Q, we
define their Koszul cup bracket when P or Q is equal to A, by

—foqg—(—1)P9qg —
[f,g]7 ng (-1) gKf-
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[ea, fl_ = — bk(f) if pis even,

K
[ea, fl_ = (1 — N) bk(f) if pis odd.

K
Similarly for any Koszul g-chain z € M W,,q), we have
[ea, z]? = — bk(z) if g is odd,

[ea, z]? =(1—-N)bk(z) if gis even.
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Koszul calculus for N-homogeneous algebras

© Higher Koszul calculus
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Higher Koszul (co)homology

From ey " es = 0, we draw €4 " €, = 0. Therefore
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Higher Koszul (co)homology

From ey < es = 0, we draw €4 < €4 = 0. Therefore

6~ HKP(A, M) — HKPT1(A, M)

ep o HK4(A, M) — HKy_1(A, M)
are differentials, defining higher (co)homology spaces

HKE (A, M) and HK'(A, M).

Then the higher Koszul calculus consists of the graded associative
algebra (HKg;(A), \K/)

and of the graded HK}(A)-bimodules (HK®(A, M) and (HK[(A, M) for
actions < and ” respectively.
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A noncommutative Poincaré’s Lemma for graded

algebras

Here A is any connected N-graded k-algebra, D is its Euler derivation.
The Rinehart-Goodwillie identity
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A noncommutative Poincaré’s Lemma for graded

algebras

Here A is any connected N-graded k-algebra, D is its Euler derivation.
The Rinehart-Goodwillie identity
[H(D ~ —), H(B)lc = H(Lp)

on HH,(A) shows that, whenever char(k) = 0, HH{'(A) = k and
HHEI(A) = 0if p > 0.
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A noncommutative Poincaré’s Lemma for graded

algebras

Here A is any connected N-graded k-algebra, D is its Euler derivation.
The Rinehart-Goodwillie identity

[H(D ~ =), H(B)lc = H(Lp)
on HH,(A) shows that, whenever char(k) = 0, HH{'(A) = k and
HH;,”(A) ~0ifp>0.
Consequently, we have the following theorem.
Theorem (BLS). Assume char(k) = 0. If Ais quadratic and Koszul,
then HK["(A) = k and HKA"(A) =0ifp>0.

Question : is this theorem still valid when N > 2?
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Why is this quadratic theorem important ?

The quadratic algebra A = k(x, y)/(x?, y? — xy) is not Koszul and we
have proved that HK"(A) # 0 (actually 2-dimensional).
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Why is this quadratic theorem important ?

The quadratic algebra A = k(x, y)/(x?, y? — xy) is not Koszul and we
have proved that HKJ(A) # 0 (actually 2-dimensional).

Then for this quadratic algebra A, the higher Koszul homology provides
more information on A than the higher Hochschild homology.

We conjecture that this fact holds for any quadratic algebra, and why
not, for any N-homogeneous algebra.

The same questions can be asked about the following theorem.

Theorem (BLS). Assume char(k) = 0. If A is quadratic, Koszul and
n-Calabi-Yau, then HK/(A) = k and HK}(A) = 0 if p # n.
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